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REVIEW OF THE PRESENT STATUS OF THE TWO 
FORMS OF QUANTUM THEORY* 


BY 
RicHarp C. ToLMAN 

Members of the American Association for the Advancement 
of Science:—In accepting Dr. Harkin’s invitation to represent 
the chemists at this symposium on quantum theory, I have been 
beset with doubts and perplexities. In the language of psycho- 
analysis, I have suffered from a malevolent and inhibitory, 
inferiority complex. 

Here am I a typical, hard-worked government employee, who 
spends his time writing reports and signing vouchers; before 
me is a great company of distinguished and critical-minded 
scientists ready to pounce upon my every word; and somewhere, 
up there, swimming around in the blue empyrean is the so-called 
quantum theory. 

This theory is based on a mass of experimental material, whose 
details are beyond the comprehension of any one individual mind. 
The theory, moreover, is not even a single, logical whole, but 
rather a combination of conflicting speculations which have only 
two characteristics in common. In the first place, these specula- 
tions all vie with one another in discarding as much as possible 
of the great achievements of the classical dynamics, and in the 


* Presented at Toronto Dec. 29, 1921 before a Joint Session of the American 
Physical Society with sections B and C of the American Association for the Ad- 
vancement of Science. 
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second place, they all contain the mysterious letter “h,” intro- 
duced in any old way that fitted the enthusiasm of the moment. 

Furthermore, ladies and gentlemen, I am expected to represent 
the point of view of chemists with respect to this uncertain 
field of endeavor, when that point of view is largely the negative 
one, of extreme hostility to the physicists, with their absurd 
atom, like a pan-cake of rotating electrons, an attitude which is 
only slightly modified by a pious wish that somehow the vitamine 
“h” ought to find its way into the vital organs of their own, 
entirely satisfactory, cubical atom. 

You can easily see the reasons for my inferiority complex. 
Under the circumstances, I shall limit my remarks to a brief 
description of the two main forms of the quantum theory, point 
out some of their successes and limitations, and make a few sug- 
gestions as to things that we, as chemists and sensible men, would 
like if possible to see incorporated in the final form of theory. 


The Classical Dynamics 

Both of the two main forms of quantum theory are as you 
know attempts to modify the classical dynamics, and in order 
that we may be certain that we are talking the same language, I 
am going to ask your indulgence while I briefly review the nature 
of these modifications. 

The older dynamics was completely deducible from a single 
axiom known as Hamilton’s principle,— 


fo a P (1) 
t= 1 
a... go 

where L is the Lagrangian function of the generalized coordinates 
q@ . - -g, and the velocities g, . . . g,, and the limits of integra- 


tion are not subject to variation. 
This principle leads by simple transformations to the equations 
of motion in the Hamiltonian form,— 


de __ th de __th 
On dt Oq2 dt (2) 
de _ dy de dg 


ap, dt Op. dt 
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where ¢ is the energy of the system in question, expressed as a 
function of the generalized coordinates q:g2 . . g, and the cor- 
responding generalized momenta pif, . . . pj. 

Applied to a system of molecules or elements, these equations 
of motion have led to a statistical mechanics which has as its 
cornerstone the Maxwell-Boltzmann distribution law,— 

€ 


dN =ce ™ dg, se (3) 
where dN is the number of molecules of a given kind which will 
be found, under equilibrium conditions, to have values of their 
coordinates and momenta falling in the region dq . . . dp,, € is 
the increase in energy of the system per molecule introduced 
into the region dg; . . . dp,, ¢ a constant for each kind of mole- 
cule and k and T, have their customary significance. 

Rise of the Quantum Theory 


The quantum theory first appeared in the year 1900, because 
of a conflict between the apparent requirements of equation (3) 
and the facts as to the distribution of energy in the hohlraum. 

Let us regard the hohlraum as consisting of modes of electro- 
magnetic vibration whose energy « and frequency » are given 
by the well-known expressions for a harmonic oscillator 


c= 14 agt+ 14 bp" (4) 
and 
y= Vab (5) 
2a 


Substituting the above expression for « into the Maxwell- 
Boltzmann distribution law, we can evidently obtain for the 


i Vv 
average energy of a mode of vibration of frequency pa, the 
2n 
expression 


4%. — (M4 agt+14 bp)/kT 
Sf (14 ag? +46 bp*)dgdp 


7. = +0 
Sf —(% ag?+ bp*)/kT 
e dqdp 





(6) 


€a 
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which on performing the indicated integrations gives us 

€gx, = kT (7) 
Since the constants a and b which determine the frequency have 
disappeared from equation (7), we are led to the conclusion that 
all modes of vibration of any frequency have the same average 
energy content. This is merely one example of the well-known 
principle of the equi partition of energy, which is usually regarded as 
a necessary result of a statistical mechanics founded on Hamil- 
ton’s equations (see however, later). 

In the case of the hohlraum, the principle of the equipartition 
of energy cannot possibly be true. Since the number of modes of 
vibration in the hohlraum with frequency greater than any 
assigned value is infinite, the principle would put all the energy 
of the hohlraum into the region of short wave-lengths, and 
would make the amount of energy associated with any single 
frequency equal to zero, when as a matter of fact, experiment has 
shown that a mode of vibration of frequency v actually obtains 
instead of kT the average energy content, 

hy 
€oo. = * (8) 
er—1 
where / is Planck’s new constant. 

This conflict between the principle of equipartition and the 
actual distribution of energy in the hohlraum is, as you know, 
the difficulty which led to quantum theory. 


Structure of Generalized Space (qi . . . Pn) Proposed by Quantum Theory 


To meet this difficulty, both of the two main forms of quantum 
theory propose a modification of the classical dynamics by 
ascribing a sort of cell-like structure to the generalized 2n dimen- 
sional space (q, . . . Gnf: - - - ~,) which can be used for repre- 
senting the values of the coordinates and momenta of an 
individual element or molecule of the system. 

We cannot discuss here the general theory of determining the 
equations for the boundary surfaces between the cells in the 
generalized space. The nature of the net-work of boundaries may 
easily be illustrated, however, by considering elementary systems 
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with a single degree of freedom, whose motion is determined by a 
single coordinate g and a single momentum p. 

The instantaneous state of such an element can be represented 
by the position of a point in the gp plane. In accordance with 
the classical dynamics this gp plane would be a continuum, and, 
with a system at equilibrium, the chance that an element would 
have its representative point located in a given infinitesimal 
region dgdp would vary continuously from point to point in the 
plane, always being proportional to e~*"”, as required by the Max- 
well-Boltzmann distribution law. 

In accordance with quantum theory, however, we must think of the 
gp plane as traversed by a net-work of curves, such that each curve 
represents a steady motion of the element without dissipation of 
energy as determined by the Hamiltonian equations of motion, and 
such that the area included by each curve is an integral multiple of the 
universal constant h. Thus the net-work of boundaries is deter- 
mined by the equations,— 


€=constant (9) 


f pdgq=nh (10) 
where m is an integer and the integration is to be taken over 
the “‘complete” trajectory of the element. (In the case of 
systems of more than one degree of freedom, equation (10) may 
be replaced by a similar equation for each pair of coordinates and 
momenta). 

For the case of a simple harmonic oscillator, whose motion is 
determined by equation (4), it is evident that the boundaries 
prescribed by equations (9) and (10) are a series of ellipses in the 
gp plane, (see Fig. 1) such that the area enclosed by each ellipse 
is an integral multiple of A. 

The equation for these ellipses will evidently be 


14 ag +14 opr =hVab (11) 
2 
where » is an integer. Substituting the values for « and » given 
by equations (4) and (5), we obtain the very significant relation 
e=nhv (12) 
which is fundamental to the quantum theory. 
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Fic. 1 


For the case of a simple system rotating about an axis, with 
angular velocity d¢/dt, and constant moment of inertia J, the 
state of the system at any instant can be represented by a single 
coordinate, the angle ¢=q, and a single momentum p=J¢@. The 
lines of constant energy content will be parallel to the qg axis, 
and our generalized gp space will have the appearance shown 
in Fig. 2 where the area of each of the rectangular cells is equal 
to h, and the kinetic energy corresponding to the boundary lines 
is given by the equation, — 


(13) 
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Diference between the Two Main Forms of Quantum Theory 


Both of the two main forms of quantum theory make use of this 
same net-work of boundary surfaces in the generalized 
g: . - « Pa) space. They differ as to the location of representa- 
tive points in the generalized space. 

{n accordance with the first and most extreme form of quantum 
theory, points representing elements, such as molecules or oscilla- 
tors, are located in general only on the boundary surfaces between 
the cells. With a system of N elements which has come to 
equilibrium, the number of elements on the m’th surface is con- 
sidered to be determined by the energy «,, corresponding to that 
surface, in accordance with the following equation, which has 
been constructed in analogy to Maxwell’s distribution law,— 


tne. (14) 
—€n 
> err 


n=12 3 


In this first form of quantum theory, the elements with repre- 


sentative points located on the boundary surfaces perform 
steady motions without dissipation of energy, in accordance with 
the Hamiltonian equations of motion, and this steady motion 
continues, until suddenly for some mysterious reason, perhaps the 
occurrence of a new “epoch” in a discontinuous time, the repre- 
sentative point jumps to another stationary trajectory where the 
system again takes up its steady motion. Nothing is known of 
the mechanism of these “jumps” beyond the fact that there is a 
conservation of energy and probably also of momentum,—the 
energy and momentum lost by one element being handed over to 
other elements which themselves jump simultaneously to new 
paths. 

In accordance with the second form of quantum theory, repre- 
sentative points may be located, as in the classical dynamics, 
any where in the generalized space. The distribution of these 
points at equilibrium is, however, not determined by the Maxwell- 
Boltzmann distribution law. Inside of any cell the points are uni- 
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formly distributed at random while on passage across a boundary 
from cell to cell there is an abrupt change in the density of distribu- 
tion. With a system of N elements, the number of elements in 
the i’th cell is determined by the mean energy (¢;)a9, corresponding 
to that cell, in accordance with the equation,— 


c Ne * 
N,= ae =e (15) 

ae et 
In the second form of quantum theory, elements, in particular 
electronic oscillators, with representative points located within 
the cells can absorb radiant energy in accordance with the classical 
electromagnetics, but can only emit energy when they cross a 
boundary, and then emit all the energy which they have assembled. 
The ratio of the chance of no emission on crossing a boundary 
to the chance of emission is taken as proportional to the intensity 
of radiant energy of the frequency in question surrounding the 

oscillator. 
Achievements of the First Form of Quantum Theory 


I need not describe to you in detail the numerous and significant 
achievements of the first form of quantum theory. 

Equation (12) 

e=nhv (12) 

may be taken in general, as a relation between the frequency » 
and amount « of any radiant energy which is absorbed or emitted, 
and may thus be considered as accounting at least formally for 
the photoelectric effect, the inverse photoelectric effect, and the 
frequency relations between absorbed and phosphorescent light. 

Furthermore, equation (12) when used to determine the 
possible energy content of a mode of vibration of frequency », 
combined with equation (14) 


—tn 


_ Net? (14) 
R,0= 
Derkr 
awh 23. 
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for the number of modes of vibration with each possible energy 
value, leads at once to the experimental value for the energy 
distribution in the hohlraum, and applied to the possible modes 
of vibration of an elastic solid leads to Debye’s theory of the 
specific heat of solids. 


Equation (13) 1 nth? (13) 


2J 4x? 
for the possible energy of a rotator, combind with equation (14) 
for the number of rotators with each possible energy value, leads 
to reasonably successful theories for the specific heat of diatomic 
gases, and combined with equation (12) for the relation between 
the amount and frequency of radiant energy, leads to a theory of 
the absorption (rotation) spectrum of such gases. 

And most important of all, equation (13) for the possible values 
of the kinetic energy of a rotator leads to a determination of the 
possible orbits in atoms composed of an electron rotating about a 
positive nucleus. By calculating the energy dissipated when 
the electron falls from one of these orbits to another, and applying 
equation (12) for the relation between the amount and frequency 
of radiant energy, we obtain Bohr’s simple and beautiful theory 
of the spectral frequencies emitted by the hydrogen atom, and 
the singly ionized helium atom. Allowing for the slight motion 
of the nucleus, we account for the difference between the Rydberg 
constant for hydrogen and helium. Introducing the possibility 
of elliptical paths and making the relativity corrections for the 
mass of the electron, we obtain a theory of the fine structure of 
lines, and allowing for the distortion of these orbits by electric 
and magnetic fields we obtain a theory of the Stark effect and 
the Zeeman effect. And finally considering that the more 
complicated atoms consist of a nucleus surrounded by rings 
of electrons we can make much progress towards a theory of the 
spectral frequencies for more complicated atoms than hydrogen 
and singly ionized helium. 


€ 


Achievements of the Second Form of Quanium Theory 


The second form of quantum theory has proved to be a much 
more complicated tool than the first form of quantum theory. 
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The principle that energy can be emitted from an electronic 
oscillator only in amounts mv may be used to account for the 
inverse photoelectric effect, and combined with the idea that a 
definite number of the quanta which have been assembled can be 
lost in the form of the kinetic energy of an electron which is shot 
off at the time of emission, it accounts for the photoelectric 
effect. 

Equation (15) 

Ne Fo 
Mae he 
Ze kT 
#=123... 
applied to the distribution of electronic oscillators with the mean 
energy content (i—%4)hv, combined with the laws for the ab- 
sorption and emission of radiant energy, lead to the experimental 
expression for the energy distribution in the hohlraum. 

Progress has also been made with the help of the second form of 
quantum theory in accounting for the rotational specific heat of 
gases, for their rotational spectrum, and for the para-magnetism of 
substances. 

The great field of emission spectra has, however, been treated 
only with the help of the first form of quantum theory. 





Ladies and Gentlemen, these achievements of quantum theory, 
especially in its first and simplest form, are very comprehensive 
and compelling. Yet even those who are most attracted by 
quantum theory, are compelled by the whole spirit of science to 
subject the theory to a rigid though disinterested examination. 


Arbitrariness of Quantum Theory 


I believe that, as the first fruit of such an examination, one is 
impressed by a feeling that the procedure adopted by quantum 
theory is unnecessarily arbitrary. In order to account for a limited 
range of phenomena, the physicist, and even more culpably the 
chemist, has introduced the new constant h, whenever, wherever, 
and in whatever way seemed necessary to account for the particu- 
lar phenomena under examination. This feeling of arbitrariness 
has been greatly decreased as the number of achievements, parti- 
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cularly of the first form of quantum theory, have increased, and as 
the rules for introducing boundaries into the generalized space of 
dynamics have been elaborated. Nevertheless, even though the 
first form of quantum theory is becoming internally a more logical 
whole, it still creaks badly when we try to fit it into the much 
greater logical whole of the rest of physics, and thus fails in general 
to give that feeling of logical necessity which accompanied the 
introduction of the theory of relativity. 


Contradictions between Quantum Theory and the Undulatory Theory of Light 


As a second criticism of quantum theory, we must point out 
once more the well-known contradictions between the undulatory 
theory of light and quantum theory, in its simpler and otherwise 
most satisfactory forms. 

The first form of quantum theory, which is by far the simpler 
and more completely elaborated, requires that radiant energy 
be of such nature that it can be practically instantaneously 
absorbed in definite quanta of magnitude hv. This seems to 
mean that radiant energy exists only in indivisible quanta, 
which travel around through space with the velocity of light. 

The reconciliation of such an idea with all the facts of the 
undulatory theory of light is very difficult. Since interference 
can be obtained with a difference in path of about a million 
wave-lengths, the dimensions of these quanta must be of the 
order of at least a foot, which seems difficult to believe if the 
quanta are indivisible. Furthermore, if quanta were indivisible, 
the advantages of a large telescope over a small telescope could 
only be to permit the entrance of more quanta. This would 
increase the intensity of the star image, but would presumably 
not increase the resolving power of the telescope as is actually 
found to be the case. Other difficulties will readily suggest 
themselves.’ 

It was, of course, these difficulties which led to Planck to pro- 
pose his second form of quantum theory in which the absorption 
of radiant energy by an atom would follow in accordance with 
the classical electromagnetics. This form of the theory is in 


1 Compare Jeans’ Dynamical Theory of Gases, 3rd ed., p. 378; 
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other ways, however, not nearly as satisfactory as the more 
extreme form. Thus, for example, it can be shown that electrons 
are emitted in the photoelectric effect, immediately after the light 
is turned on, and before any individual atom has had time enough 
to assemble a quantum of energy on the basis of the classical 
electromagnetics.” 


Conflict between Quantum Theory and Classical Dynamics 


As a third criticism of quantum theory, I cannot help but feel 
that up to date it has been too cavalier in its treatment of the 
classical dynamics. 

The classical dynamics flows like an unpolluted river from a 
single source. This source is, of course, the axiom or postulate 
known as Hamilton’s principle (Equation 1). Not only is this 
principle a remarkably simple one, with a significance which 
can be intuitively grasped, but owing to the infinite variety of 
ways in which the Lagrangian function L can be made to depend 
on the coordinates and velocities, the results which can be obtained 
from the principle would seem to contain variety enough to fit 
any new field of physics that might arise. Hitherto, no branch 
of physics has escaped its control. Even the theory. of rela- 
tivity has in no way disturbed its sway. I feel that the present 
forms of quantum theory have attempted to abandon this princi- 
ple, long before they have exhausted its possibilities. 

To be more specific, I believe that when confronted by the 
conflict between the known facts as to the distribution of energy 
in the hohlraum and the principle of the equipartition of energy, 
the attempt should first have been made, not to invent a new 
form of dynamics, but to examine whether the older dynamics 
actually leads to the principle of the equipartition of energy for 
all kinds of coordinates and momenta. Such an examination 
shows as a matter of fact, that only those coordinates and mo- 
menta which enter into the expression for energy in the quadratic 
form will contribute the term 4 kT to the average energy. 

Systems of elements or molecules, for which the principle of 
the equipartition of energy cannot be expected to hold, are 


2 See Norman Campbell, Modern Electrical Theory, 2nd ed., p. 249. 
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already well known, quite apart from the development of quantum 
theory. Thus the average potential energy of the molecules in a 
vertical tube subjected to the action gravity is not % kT, but 
another value which depends on the height of the tube, and 
actually becomes kT instead of kT for a tube of infinite height. 
And as another example, the average kinetic energy of a system of 
particles of stationary mass mo, which obey the relativity laws of 
motion is not */, kT, but is given by a series which has as its first 
two terms* 


3 
€av.= > kT + (16) 


8 moc? 
These results are obtained, moreover, not by giving up the class- 
ical statistical mechanics, but are derived directly from the 
Maxwell-Boltzmann distribution law by substituting for ¢ the 
correct expression for the energy of an element in terms of its 
coordinates and momenta q . . -p,.- 

As to the modes of vibration of the hohlraum, I pointed out 
some years ago‘ that if the energy of a mode of vibration were 
given by the equation, 


~ ( hy y" “a ( ___2hw vn) i ) 
e=hwv Vg ag*+l4 bp* V4 ag?+4 bp* > (17) 
le +e . ae \ 
where m is a large number, the average energy for such modes of 
vibration as determined by substituting this expression for ¢ into 
the Maxwell-Boltzmann distribution law would actually have 
the value 


hy 
€av. = hy 
eiT —] 
entirely on the basis of the classical statistical mechanics. 

I do not wish to give the impression that the energy of a mode 
of vibration is actually represented by equation (17), but merely 
to show that expressions are entirely possible which would 
give the Planck equation for the distribution of energy in the 

® See for example, Tolman, Phil. Mag. 28, p. 583, 1914, or Theory of the Relativity 


of Motion, Univ. of Calif. Press, 1917. 
* Phys. Rev., 11, p. 261; 1918. 





224 RicHaRD C, Totman [J.0.S.A. & R.S.L., VI 


hohlraum. As originally pointed out, equation (17) might be 
entirely satisfactory for determining the distribution of radiant 
energy by performing the necessary integrations, and yet not 
satisfactory for determining, by differentiation, the equations oi 
motion of the mode of vibration. As a matter of fact, this 
seems to be the case and for purposes of differentiation relations 
differing from equation (17) are preferable. aB - 

This may be illustrated by plotting the value for the energy 
of a mode of vibration ¢, against the usual expression for this 
quantity 4% aq*+% bp’, as shown in Fig. 3. 


€ 


4 ee 
) 





























zy Sh 4hv =gaq*tZhp* 
Fic. 3 


Line (1) in this plot represents the usual relation between 
energy and the coordinates and momenta 


c= ag + bp? 
and systems having this equation will have the average energy 


kT instead of the Planck value 
hy 


—1 
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Line (2) which consists of a series of horizontal and vertical 
steps, represents the relation given by equation (17), which leads 
to the desired distribution of energy. It can easily be shown by 
differentiation, however, that systems whose motion is determined 
by equation (17) would mot oscillate with the frequency 


_ Vab 


y= 

' 2x 
As a matter of fact, systems with their representative points 
located on a horizontal part of the line would be stationary, and 
systems with a representative point located on a vertical part of 
the line would oscillate with zero amplitude and infinite frequency. 

In order to obviate this difficulty it is possible to replace the 
horizontal lines by a number of steps as shown by line (3), each 
consisting of a diagonal and a vertical part. If the number of 
such steps is made large we shall obtain the Planck distribution 
of energy. Furthermore, systems with points located on the 
diagonal lines will oscillate with the desired frequency », and 
the number of representative points located on the other parts of 
the line become zero when these parts become absolutely vertical. 
Line (3) would thus have many, if not all, of the characteristics 
necessary for a satisfactory relation between the energy of a 
mode of vibration and the values of its coordinate and momentum. 
It would suggest, moreover, modes of vibration which “break” 
at a given energy content, an idea which is not out of harmony 
with some of the ideas of chemistry. 

Nevertheless, I still do not wish to claim that line (3) does repre- 
sent the true equation for the energy of a mode of vibration in 
the hohlraum. What I do wish to emphasize, is the enormous 
possibilities still resident in the classical mechanics to account 
for distributions of energy other than equipartition. Until these 
possibilities have been investigated, the abandonment of the 
classical mechanics, proposed by quantum theory, must be 
regarded, I believe, as in the nature of tentative experimentation. 

As to the possibilities which must be considered, I should put 
first a consideration of the various expressions for ¢ in terms of a 
single coordinate and momentum which would give a distribution 
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of energy the same or similar to that of Planck’s. Corresponding 
to the fact that the Lagrangian function Z can depend on the 
coordinates and velocities in an infinite variety of ways, it is 
evident that the energy « can depend on the coordinates and 
momenta in an infinite variety of ways, and hence there is a very 
great possibility that an expression for ¢ will be found which will 
have the desired characteristics. Nevertheless, if such considera- 
tions do not lead to a satisfactory solution of the problem, we 
might next consider expressions in which the energy of a mode 
of vibration is made dependent on the energy of neighboring 
modes of vibration. This will open up a new realm of possibili- 
ties. If these are not sufficient, I think we might then venture 
to investigate the validity of those initial stages in the develop- 
ment of statistical mechanics, where the authority of Liouville’s 
theorem is invoked to prove that all the “microscopic’’ states 
of a system are equally probable. Only upon the failure of all 
the above three methods of attack, would I venture to assume 
that Hamilton’s principle can be lightly discarded as seems to 
be the pleasure of the extreme advocates of quantum theory. 


Unsatisfactoriness of the Atom Model of Quantum Theory 


As a final criticism of quantum theory, I think we must regard 
the atomic model furnished by this theory as only partially 
satisfactory. This atom was constructed by the physicists, like a 
solar system, with electrons rotating around a central nucleus, 
partly because the physicists were familiar with the mechanics 
and mathematics of the solar system, and partly because they 
were entirely unfamiliar with the actual facts concerning the 
behavior of atoms in chemical combination. No chemist would 
be willing to think of a carbon atom as a positive nucleus with 
rings of electrons rotating around it in a single plane. The 
carbon atom must have tetrahedral properties, and in general I 
feel that the cubical atom of Lewis and Langmuir must be regarded 
as representing chemical facts better than anything proposed by 
the physicists. 

A possible escape from these difficulties would be for the 
quantum theory to abandon the simple ring-like structure for 
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most of the atoms, leaving, however, the ring structure for 
hydrogen and singly ionized helium where the success of quantum 
theory has been most pronounced.. Another possibility would be 
to retain the ring structure for atoms when they are in a dis- 
sociated form and emitting their spectra, and introduce a change 
in configuration to a three dimensional arrangement when the 
atom enters into chemica] combination. 

There is a further unsatisfactoriness which seems inherent in 
the Bohr model of the hydrogen atom. This model provides 
the hydrogen atom with an infinite number of stable rings in 
which the electron can rotate around the nucleus without loss of 
energy. Taking the energy of the electron in the innermost ring 
as zero, the energy in successive rings will have the values 


0 3hN §hN 48hN .... AN (18) 


Hence when the electron falls from one ring to another the 
energy emitted can always be expressed by the formula 


= we 
=hn(™ a. t) =nn{+ +) (19) 
nN” n,? nN," nq? 


and if we combine this with the equation «=/v we account for 
the spectral frequencies of the hydrogen atom. 

It must be pointed out, however, that such an explanation of 
these frequencies is entirely formal. Except for the special case 
of an electron falling from one of the outermost rings to the next 
ring, there is no actual frequency in the atom which corresponds 
to the. frequency » which is calculated. The frequency of rota- 
tion in the rings does not correspond to the frequency of the 
emitted light, and no mechanism is provided in the path connect- 
ing the rings which would have the desired frequency. 
® It would seem desirable to provide a mechanism which would 
produce oscillations of the required frequency » when the energy 
emitted is ky. To illustrate this, I have constructed an apparatus 
provided with an electron in the shape of a one inch steel ball 
and energy levels, where the gravitational energy of the ball 
assumes the values 





2hN §hN ....4N 
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Each energy level is connected with every lower energy level by a 
cycloidal path where the frequency of oscillation of the ball is 
related to the energy dissipated by the equation ¢= hy. 

This structure is in no sense a model of the hydrogen atom but 
rather a model which has some of the properties which it might be 
desirable to insert in the final model of the hydrogen atom. 

Various interesting though tentative speculations can be based 
on this model,—as to the work necessary to produce any radia- 
tion at all,—as to the simultaneous appearance of lines in the 
different series—as to the relative intensity of lines,—as to the 
creation of a field of force by the mutual interaction of nucleus 
and electron which will maintain the desired frequency of oscilla- 
tion,—as to the work necessary in breaking chemical bonds,— 
and as to other matters which will suggest themselves to you. 
However, I do not wish to claim much for the model, especially 
as I am temperamentally opposed to the whole model method in 
theoretical physics. 


Ladies and Gentlemen, I wish to thank you for the patience 
with which you listened to my prolonged remarks. In conclu- 
sion, I think that we must definitely state that the introduction 
of the quantum theory must be regarded as still an experiment, 
although an elaborate, courageous and hopeful one. But perhaps 
after all, life, itself, is always a bit experimental and only the 
boldest experimenters can achieve the greatest failures and the 
greatest successes. 


Frxep NITROGEN RESEARCH LABORATORY 
WasaincTon, D. C. 





MATHEMATICAL ASPECTS OF QUANTUM THEORY* 


BY 
H. B. Paivurrs 


1. Fundamental Hypotheses—Without attempting to present 
the somewhat divergent views of the many writers on the subject, 
I propose in this paper to sketch a method of treatment (mainly 
following Sommerfeld) which suffices for the applications so far 
made. In the application existing theories, such as statistical 
mechanics, have been used. We are concerned only with the 
peculiarly quantum part of such applications. 

There are two types of problems to which quantum theory has 
been applied, each being solved by making a fundamental hypo- 
thesis. 

(1) To determine the frequency of the radiation emitted when 
an electron changes from one steady (non-radiating) state to 
another. 

This is accomplished by the hypothesis of Planck and Bohr, 
that 

W,-W:2=hy», (1) 


where W, is the energy of the electron in the first state, W: 
its energy in the second, and h is Planck’s constant. This may 
be briefly called the hypothesis of energy quanta. 

(2) To determine the fixed orbits, or steady states, in which the 
electron can move without radiating. 

To handle this with some degree of generality, consider a 
conservative system whose position is determined by r coordinates 


Qi, J2, - +» Qe- 
Let its kinetic energy by T and let 
oT , @ 
Ar, gi = = 4 


*Presented at Toronto, Dec. 29, 1921, before Joint Session of American Physical 
Society with Sections B and C of the American Association for the Advancement of 
Science. 
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Suppose further that its kinetic and potential energy 


T= T (pr, p2- - Pr, 1, q2- Qe), 
V=V(qi, qe. -- %)s 
do not explicitly contain the time. 
Sommerfeld’s hypothesis is that if the integrals are taken 
around a closed orbit described by the electrons in a steady state 


fora fz Pi dgj=n h, (2) 
1 


where is an integer. 

In the most important cases the variables can be separated, 
that is, each momentum #; can be expressed in the form 

Pi =fi(qi, } es 

where ¢, @, ... ¢ are constants of integration. In general g, 
then oscillates periodically between fixed limits a;, 5. In this 
case, Sommerfeld assumes that an equation of the form (2) 
applies separately to each coordinate, that is, 


oF pi dq=n; h (3) 


where ; is an integer. 

Equations (2) and (3) express what may be called the principle 
of action quanta. Equation (2) expresses that the total action 
around a closed orbit is a multiple of Planck’s constant. Equa- 
tion (3) states that in case the variables separate, each component 
of action is a multiple of Planck’s constant. 

The orbits of the electrons are determined by ordinary 
dynamics, equations (2) and (3) being used merely to determine 
the constants of integration in terms of the quantum integers n. 

It is interesting to note that if we apply (2) to the emitted 
radiation, (1) may be considered a consequence of (2) and so the 
whole theory may be considered a theory of action quanta. 
For in electrical systems magnetic energy is kinetic and electric 
energy potential. Since in radiation these are equal, the total 
energy is 

W =2T. 
Apply (2) to the entire system of waves emitted by an electron 
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in a change from one steady state to another. The total energy 
of this system is the constant W, — W; and its period is 
1 


v 


T 1 
f 2T a= f” (w,-W,)at=O—_, h. 


This gives 


T= 


Hence 


Wi-W.=h» 
if we take m=1. From this it might appear that radiant energy 
exists in only one quantum state, n=1. 
2. Method of General Dynamics—Sommerfeld defines a func- 


tion S by the integral 
t 
s- [ 2T dt, (4) 
0 


the integral being taken along an orbit from the time 0 to#. It is 
a function of the initial values of p;-- p,, g:,-- g,, and the time. 
If the total energy is 
W=T+V =H (fi, +> pr, G+ Ge); (5) 
the function S can be expressed in terms of q:, g2, -- g,, W, and 
r—1 constants of integration, a2, .. . ,a,, in the form 
ware Wy +e + pie Wo Gy + + op 
Then 
= = iy 4 =t. (6) 
0g; ow 
Substituting these values in (5) it is seen that S is a solution of 
Jacobi’s partial differential equation 
w=H (2%, —, aS 
an 09; 


M: s es a). (7) 


Conversely, Jacobi’s theory shows that any solution of (7) in the 
form 


f(a, os.» ply Wet « a «pee 
will satisfy (6) and so can be used for S. 
The most important cases are those in which the variables 
can be separated, that is, when 
S=S,4+S2+ ... +5S,, 
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S; containing only the one coordinate g; and the constants of 
integration. In this case 


contains only one coordinate g;. If this oscillates between the 
limits a;, 5;, the quantum condition is applied in the form (3) 


2 f* Pi dq; =n; h. 
aj 


If one of the coordinates is an agle ¢, this is naturally replaced by 


Si by dg=n h. 
oO 


Systems of the kind just discussed are called conditionally 
periodic. Since all the cases so far treated on conditionally 
periodic, we might limit the hypothesis of action quanta to this 
case and leave the question whether the theory applies to any 
other cases undetermined. 

As a simple example, consider the case of an electron of charge 
-e, moving around a nucleus of charge E. In this case 


T =Yom([*+r°9'], 
p. = mr 


W = 


If we take 


equation (8) shows that 


-"" 


will be a function of r only. The variables can therefore be 
separated. The quantum condition 


24 
F Pe do=nh 
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gives 
(9) 


Substituting this value in (8) and solving for pr, the second quan- 
tum condition 
2{ p,ar =mnh 


can be integrated between the limiting values of r and the result 
solved for W, giving 

2x*me*E?* 
ee ee (10) 

h?(n-+m,)* 

Equations (9) and (10) express the constants of integration 
ps and W in terms of the quantum integers m and m. 

3. Degenerate Systems.—In some cases, called degenerate, the 
variables are separable in more than one system of coordinates. 
In case, for example, of the electron moving in an elliptic orbit 
around a nucleus, the variables can be separated in rectangular 
as well as in polar coordinates. The quantum conditions (3) 
obtained by using different systems of coordinates do not in 
generalagree. This appears to violate the fundamental hypothesis. 
This is not actually the case; for, if the problem is treated 
exactly, the variables are always found to separate in only one 
way. Thus, in case of the elliptic orbit, if we take account of 
relativity, the variables are separable in polar but not in rectan- 
gular coordinates. 

Geometrically, the orbit usually oscillates between a set of 
curves or surfaces. In the general case, the orbit is what is 
known as a space filling curve, that is, it traces over the entire 
area or volume of a cell. With change of initial conditions the 
size of the cell changes. Thus the walls of the cells define sys- 
tems of parameter curves or surfaces. Using these as coordinate 
curves or surfaces, the variables can be separated. In case of a 
degenerate system the orbit lies in a lower space, and does not 
fill the interior of the cell. Hence the boundaries can be de- 
termined in more than one way. 

Thus, in relativity the orbit about a center of force does not 
close but slowly precesses, and so fills the whole interior of a 


W = 
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circle. With change of initial conditions the circle changes size. 
The natural coordinates are therefore the system of concentric 
circles and the straight lines orthogonal to them, i. e., polar co- 
ordinates. If, however, we neglect relativity, each orbit is a 
definite ellipse. A series of curves tangent to the different ellipses 
can be determined in more than one way. 


Dept. OF MATHEMATICS 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 





SOME RECENT APPLICATIONS OF THE QUANTUM 
THEORY TO SPECTRAL SERIES* 


BY 
Sau_ DusHMAN 


Just about 21 years ago, almost to a day, Planck presented to 
the world a suggestion which has profoundly influenced the 
development of both physics and chemistry during the inter- 
vening period. The conception that energy is emitted or ab- 
sorbed by atomic systems in multiples of a unit quantum hy, 
may be regarded from one point of view as quite similar to the 
atomistic ideas previously developed regarding the nature of 
matter and electricity. 

The application of this energy concept in accounting for the 
apparent deviations in atomic heats from the deductions of the 
classical principle of equipartition and from the empirical law of 
Dulong and Petit, laid the foundations for a radical development 
in thermodynamics. The Nernst Heat Theorem and the deriva- 
tion of a relation for the hitherto undetermined integration 
constant in the applications of the second law of thermodynamics, 
together with the quantum theory relations for specific heats, 
enable us to calculate accurately the available energy of chemical 
and physical reactions. 

Not the least of the resulting developments in the field of 
thermodynamics is, however, the light which has been shed by 
these new conceptions on the nature of that hitherto little under- 
stood function known as entropy. Boltzmann had suggested 
long ago that from a kinetic theory point of view entropy must 
be regarded as indicating a probability. The second law of ther- 
modynamics demands that in all energy transformations the 
entropy must either increase or not change at all. This means, 
according to kinetic conceptions, that nature prefers a more 

*Presented at Toronto, Dec. 29, 1921, before Joint Session of American Physical 


Society with Sections B and C of the American Association for the Advancement of 
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probable to less probable states. But it is obvious that proba- 
bility can only exist where there are discontinuities. Now 
since the entropy of radiant heat may be considered from this 
point of view, it necessarily leads to an atomistic conception for 
radiation. In this manner it is therefore possible to correlate 
entropy with a quantum theory of radiation. 

These achievements mark, as it were, the first stage in the 
application of the theory of energy quanta to physical phenomena. 
The beginning of the second stage was signalized by the appear- 
ance in January, 1913, of a paper by the Danish physicist N. 
Bohr, dealing with the application of the quantum theory to the 
problem of emission of spectral series and that of atomic struc- 
ture. Of the profound impression made by this publication 
and its effect on the trend of scientific investigations during recent 
years, it is hardly necessary to speak at length on the present 
occasion. 

In the following paper, we will rather discuss to a limited 
extent certain more recent developments of Bohr’s point of view 
which bid fair to be of greatest importance, not only in the 
solution of some still outstanding problems regarding the origin 
of spectral series, but also in the determination with greater 
exactitude of the structures of atoms, which give rise to these 
spectral series. 

As well known, Bohr’s theory rests upon the experimental 
evidence obtained by Rutherford that the atom consists of a 
nucleus of positive charge, Ne, at the center and a number, JN, 
of electrons distributed in one or more rings or shells around 
this nucleus. As shown by Moseley, the value of N corresponds 
to the place of the element in the Periodic Table. 

The first assumption made by Bohr is that an atomic system of 
this nature can exist permanently only in a certain series of 
orbits of electrons corresponding to a discontinuous series of values 
for the total energy. These are known as stationary states 
and for such orbits Bohr assumes the validity of the ordinary 
laws of mechanics. In order to assure stability of positive and 
negative charges at a finite distance from each other Bohr assumes 
that the attractive forces between the charges are balanced by a 
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centrifugal force due to rotation of the electrons in circular (or 
elliptical) orbits about the nucleus. According to classical 
electrodynamics, such an arrangement is impossible, since the 
electron would radiate energy and thus gradually spiral into the 
nucleus. Bohr, however, assumes that an electron may revolve 
in an orbit without radiation of energy. 

From the application of the laws of ordinary dynamics to such 
an orbit, we can obtain only a relation between the radius (major 
axis) and the frequency of revolution, which is similar to that 
derived by Kepler for planetary orbits. By means of a very 
fundamental assumption, the absolute magnitudes of these orbits 
may be calculated. This assumption is that the angular momen- 
nh 
2x 
whole number. Only such orbits are considered by Bohr as 
stationary states. We shall refer to this postulate again in a 
slightly modified form. It represents the most important 
guiding principle in all recent applications of the quantum theory 
to problems of emission of spectral series. 

Bohr postulates that radiation is emitted or absorbed by an 
atomic system only during the transition of an electron from one 
orbit to another. According to classical theory, if the atom emits 
a certain energy W;—Wy corresponding to the difference in 
energy content for the initial and final orbits, the radiation would 
appear as light of continually increasing frequency, since the 
electron must approach the nucleus during this process. Bohr 
assumes, however, that the energy radiated is unifrequentic or 
monochromatic, and the frequency, », is given by the quantum 
relation 


tum of the electron in any one orbit is equal to — where m is a 


hy=Wi—Wy (1) 


The conclusions based on these considerations were found to be 
in most satisfactory accord with the observed frequencies of the 
lines in the series spectrum of hydrogen and helium as expressed 
by the Balmer series 


v=N €t.4 (2) 
m mz-* 
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where m, and m, are whole numbers. The value of N, the Ryd- 
berg constant, as calculated by Bohr, agreed excellently with the 
observed value. 

The theory as first put forward in 1913 has since been modified 
by Bohr himself, Sommerfeld and others. This modification has 
proceeded mainly in the direction of making the theory more 
generally applicable to such cases as the spectral lines of atoms 
containing more than one electron and also towards accounting 
for the fine structure of the lines, and the phenomena observed 
in the Zeeman and Stark effects. Still more recently, Bohr 
has developed a principle by which, apparently, the gap between 
the classical electrodynamical theory and the quantum theory as 
originally enunciated by Planck, has been partly, at least, bridged. 

It is well, before proceeding with the discussion of this more 
recent development, to emphasize the two essential features in 
Bohr’s theory, as first postulated. 

The first one is the identification by Bohr of the frequencies of 
spectral lines with differences in energy levels corresponding to 
different stationary orbits of an electron in the atom. This is 


the significance of equation (1). Now it has been shown that the 
frequencies of spectral lines can be expressed by a generalized 
form of equation (2) of the type: 


,— Lien) __ fl) om 

n;? n2" 
where m, and mz are whole numbers and /(m) is a function of n 
and the Rydberg constant. According to Bohr’s theory each of 
these terms in the equation corresponds to a certain amount of 
energy of the atomic system, which is the negative of the work 
required to remove the electron from the corresponding orbit to 
infinity. 

The second essential postulate in the theory is that regarding 
angular momentum, which has been stated above. 

In extending these postulates to more complex atomic systems, 
use has been made of a very important theorem of general dynam- 
ics due to Hamilton. According to this theorem there exist, for 
any conservative system, certain coordinates and corresponding 





May, 1922] QuantuM THEORY 239 


momenta such that in them the equations of motion assume the 
Hamiltonian canonical form. These coordinates are therefore of 
great utility in the treatment of dynamical problems where we 
know the total energy as a function of these canonical variables 
and the corresponding momenta. 

Given a system undergoing periodic changes with such co- 
ordinates gi, g2 - - - - 9, and the corresponding momenta, 
pi, Po . - + + Pe, it was shown by Wilson and Sommerfeld that 
the assumption regarding angular momentum in a circular orbit 
may be generalized for all kinds of periodic orbits as follows: 

For any co-ordinate g and the corresponding moment #, 

Spdq=nh (4) 
where the integration is carried out over a complete cycle. 

It is necessary to make one more observation regarding the 
number of these coordinates. It is evident that this will corre- 
spond to the number of degrees of freedom of the system in the 
conditions under consideration. 

For an electron in a given circular orbit it is readily seen that 
only one coordinate (or parameter) is necessary. The position 
of the electron at any instant of time can be specified by the 
azimuthal angle @ with respect to any given initial position of the 
radius as axis of reference. In this case we have only one quan- 
tizing condition. 

In the case of an ellipse, we require besides the azimuthal angle 
¢, also the length of the radius vector, r. We must therefore have 
two integrals, for each of which the values of » may be different, 
viz: 

2r 
0 pedo =m)h (4a) 


2x 
pdr =nzh (4b) 
o=0 
where m is designated the azimuthal quantum number, and m, 
the radial quantum number. 
When we come to discuss the motion of an electron in an orbit 
under the influence of an external field in a given direction, we 
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obviously have to introduce a third quantizing condition, cor- 
responding to the position of the orbit at any instant with respect 
to the direction of the field. Denoting the angle between the 
direction of the field as axis and the radius vector by 8, we have 
the additional equation 

f psdd =nsh (4c) 
where the integration is extended over the whole range of values 
Imin, tO Pmax, and back again to Ppin.. 

Applying Bohr’s arguments to an electron rotating about a 
nucleus in an elliptical orbit, Sommerfeld derived an expression 
for the frequencies of the lines in the hydrogen spectrum of the 
form 

ae Be, ohicie (5) 
(m-+m2)? (m,+m:)? 
where ;, m, refer to the azimuthal, and m2, mz to the. radial 
quantum numbers. 

Since the terms in the denominators can have any integral 
values we choose, it would appear off-hand that this equation 
does not differ from Bohr’s simpler equation (2). Sommerfeld’s 
equation does, however, indicate different possible transitions 
which may lead to a particular frequency in the spectral series, 
corresponding to the different possible values of m, and mz for a 
given value of their sum. The same holds true for the term in- 
volving m, and mz. 

Under certain conditions this difference in origin does appear. 
In an elliptic orbit the velocity of the electron changes as it 
passes from the perihelion to the aphelion position, and in accord- 
ance with the theory of relativity this affects the average energy 
of the atomic system. Hence the frequency of the radiation 
emitted when the electron passes from say an elliptic orbit of 
greater eccentricity to one of less eccentricity is slightly different 
from that obtained when the orbits are each circular, even though 
the sum of the two quantic numbers is the same for the elliptic 
and circular orbits corresponding to each stationary state. 
In this manner, Sommerfeld was able to account for the fine 
structure of the lines in the spectra of hydrogen and ionized 
helium. 
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Similar effects are produced in the case of more complex 
atoms by the action of the internal field due to the inner electrons. 
In fact, this accounts for the observation that the Balmer series 
for hydrogen and helium splits up in the case of more complex 
elements into a principal, sharp and diffuse series. 

The same considerations also account for the phenomena 
observed in presence of electrostatic fields (Stark effect) and 
magnetic fields (Zeeman effect). In all these cases the individu- 
ality of the different modes of producing the same spectral line 
in the Balmer series is only brought out under the influence of 
any disturbing force, whether this be due to lack of symmetry, 
as in the effect of variation in the mass with velocity, or to an 
internal or external field of force. 

Observations on both the Stark and Zeeman effects have 
shown that certain lines are circularly polarized and others linearly 
polarized, also that the number of components into which a single 
line in the undisturbed state splits up in the presence of a weak 
field is usually less than the number that might be expected from 
the consideration of purely arithmetrical possible combinations 
between given values of m+. and m,+me. 

Thus given m +2 = 3, and m,+m,=4, we might expect 3-4=12 
components of this line. As will be shown below, a much smaller 
number is actually observed. The reason for this has been 
ascribed both by Rubinowicz and Bohr to the existence of a cer- 
tain Selection Principle (Auswahlprincip). The considerations 
advanced by each of these in arriving at this result are, however, 
different, and to a certain extent Bohr arrives at this “principle” 
as a deduction from a much more general theorem which he has 
designated as the Principle of Correspondence. 

Rubinowicz’s argument is that in the emission of radiation 
during the transition of an electron from one stationary state to 
another there must be equivalence firstly, between the amount 
of energy emitted by the atomic system and that taken up by 
the ether as electromagnetic energy, (this, of course, follows from 
the Law of Conservation of Energy), secondly between the 
decrease in angular momentum of the electron and the increase 
in electromagnetic moment of momentum which can be ascribed 
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to the spherical wave system produced in the ether. That is, 
Rubinowicz postulates the laws of conservation both with respect 
to energy and also electromagnetic momentum. Calculating the 
electromagnetic moment of the momentum of the spherical wave 
radiated from the atomic system by the method of classical 
electro-dynamics, he arrives at the conclusion that only those 
transitions between stationary orbits are possible for which the 
change in azimuthal quantum number does not exceed unity. 
That is, if m, and m, denote the azimuthal quantum number for 
two different orbits, there are three possibilities, and only three, 
viz: 

Nm —N2= + 1) 

m—m=0 ) (6) 

Ny-— Ne = — 1) 


Furthermore an investigation of the nature of the radiation 
emitted under these conditions shows that for 
An=+1 
the light emitted is circularly polarized. The case An=0 is rather 
uncertain and two possibilities may arise. Either the light 


emitted is linearly polarized, or else there is no emission at all. 
As shown by Bohr, the latter alternative is the correct one. 
We can illustrate the application of this principle by applying 
it to the case previously mentioned, of the spectral lines for which 
N N 
— pe 
(m:+m2)? (m,+mz2)* 
where m, +2 = 3, and m,+m,=4. 

The following table shows the possible transitions by which 
such a frequency may be caused. 

In this table are tabulated under ¢ and r the possible values 
of m and m2 respectively, for each value of m+, and similarly 
for m-+m,. The values m,=0, n,=3 and m,=0, m.=4 are not 
permissible since these would correspond to a linear oscillation of 
the electron through the nucleus. 

The values m=3, m=0, and m,=4, m.=0 correspond to 
circular orbits; all the others correspond to elliptical orbits with 
varying eccentricities. 





(7) 
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Table 1 
m+n. = 3 m,+-m,=4 

o r 
3 0 
2 1 
1 2 3 

According to the Principle of Selection only those transitions 
can occur which are indicated by the arrows. Hence, instead of 
12 possible components we actually find only 5. The polarization 
of the lines observed in the Stark and Zeeman effects also agrees 
with the rule given by Rubinowicz. 

It must be observed that in presence of very strong fields of 
force it is no longer possible to equate the momentum lost by the 
atomic system with electromagnetic moment of momentum 
gained by the ether as radiation. Thus both energy and momen- 
tum may be transferred from one atomic system to another, or to 
an electron with high kinetic energy. Under these conditions 
therefore the Principle of Selection is no longer applicable. 

As mentioned already, Bohr has also deduced a selection prin- 
ciple which, while agreeing in the main with that derived by 
Rubinowicz, is more stringent, although derived from more 
general considerations. Bohr himself designates this generaliza- 
tion as the Principal of Correspondence. Sommerfield in his 
latest edition of “Atombau and Spektrallinien’” uses the term 
“Principle of Analogy.’’ In broad terms, this principle “gives 
expression,”’ according to Bohr,' ‘to the tendency in the quantum 
theory to see not merely a set of formal rules for fixing the station- 
ary state of atomic systems and the frequency of the radiation 
emitted by the transitions between these states, but rather an 
attempt to obtain a rational generalization of the electromagnetic 
theory of radiation which exhibits the discontinuous character 
necessary to account for the essential stability of the atoms.” 

It will be remembered that in the derivation of the quantum 
theory of line spectra and in all its subsequent applications there 


! Nature, Mch. 24, 1921, p. 104. See also Zs. f. Physik, 2, 423, 1920; and The 
Quantum Theory of Line Spectra, Copenhagen, 1918. 
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is a careful differentiation between the frequency of rotation (w) 
of an electron in its orbit and the frequency (v) of the mono- 
chromatic radiation emitted when the electron passes from this 
orbit to some other orbit. The frequency of rotation is given by 
the total energy of the system in the corresponding orbit, while 
the frequency of radiation is given by the difference in energy 
content of the two stationary states (or orbits). 

In his first paper Bohr assumed that during the transfer of an 
electron from an infinite distance into its final position of equili- 
brium, the frequency of radiation emitted is the average of the 
initial and final values of the frequency of rotation, that is, 

Ww 
a 

Subsequently he substituted for this assumption, the postulate 
regarding angular momentum, as this appeared much more 
logical. It indicates, however, that at the very beginning Bohr 
searched for some connection between the frequencies of rotation 
of the electron in orbits corresponding to two stationary states and 
the frequency of the radiation emitted during the transition. 
According to ordinary electro-dynamics such a relation ought to 
exist, and for an electron rotating in a circular orbit, the fre- 
quency of light emitted ought to be equal to the frequency of 
rotation. 

It will be remembered that the relation derived by Planck on 
the basis of the quantum theory, for the relative distribution of 
intensities in black body radiation, agrees asymptotically with the 
Rayleigh-Jeans equation for low frequencies. In an analogous 
manner Bohr approaches the problem of deriving a relation 
between frequency of rotation and frequency of radiation, by the 
consideration of stationary states of the atomic system for which 
the quantum numbers m and mz are very large compared to their 
difference mz—m. 

Now it can be shown that for such orbits, the frequency of 
radiation emitted is connected with the frequency of rotation by 
the approximate relation 

veo (M2—m)w, (8) 
where w is the average frequency of rotation in the two orbits. 
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The values of m, or m2 used in this equation correspond to the 
sum of the three quantum numbers referred to in equations (4). 

Equation (8) is considered by Bohr to be of fundamental sig- 
nificance, as it shows that the frequency of the radiation is an 
integral multiple, or harmonic, of the frequency of rotation. Now 
in general it is possible to resolve a rotation in an elliptical orbit 
into harmonics by the method of Fourier series. According to 
ordinary electrodynamic theory, these harmonics ought to appear 
in the radiation emitted, and the above deduction shows that for 
large values of m this conclusion is in agreement with the results 
derived on the basis of the quantum theory of spectral series. 
Thus we find an agreement for these extreme cases between the 
results to be expected on the basis of classical electrodynamics 
and those derived on the basis of the quantum theory. Of course, 
as pointed out by Bohr, there exists a signal difference in the 
mechanism of the radiation in the two cases. While according 
to electrodynamical theory all the harmonics ought to appear 
simultaneously, the quantum theory postulates that these 
harmonics appear as the results of transitions between different 
orbits not in the same atom and therefore independent of each 
other. 

Now Bohr considers that this correspondence or coincidence in 
the values of the frequency of radiation as calculated from the 
two points of view cannot be accidental; the coincidence must 
also extend to amplitude and polarization of the light emitted. 
If we consider again the resolution of the frequency w into har- 
monic components by the method of Fourier series, it is known 
that the coefficients in this series represent the amplitudes of the 
corresponding components and therefore their intensities. Hence 
the intensity of the radiation corresponding to any particular 
frequency v ought to be given by the corresponding coefficient in 
the Fourier series for the orbital frequency of the electron. This 
means that the probability of the existence of a certain value of » 
in the frequency of the light emitted corresponds to the value 
of the coefficient of the corresponding harmonic component in the 
Fourier expansion. Thus we obtain a criterion for determining the 
probability of a given transition between two stationary states. If 
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the harmonic, corresponding to certain values of m.—m, is absent 
in the Fourier series for the rotational frequency of the electron, 
then it must be concluded that the transition corresponding to 
the difference m.—m, cannot occur, and the corresponding lines 
will therefore be absent in the spectrum. 

This analogy must also extend to the polarization of the light 
emitted, since any single harmonic orbit must on the ordinary 
classical theory radiate circularly polarized light. Furthermore, 
Bohr holds that this analogy in polarization and intensity holds 
valid not only for low frequencies of orbital rotation, that is low 
frequencies of radiation emitted, but also applies to higher fre- 
quencies. 

We thus obtain a rule by which we can calculate the possible 
frequencies of radiation emitted in any given case by one or 
more electrons rotating in any orbits whatever round a nucleus. 
Firstly, we study the orbit from the point of view of ordinary 
electrodynamics, and thus obtain a relation between orbital 
frequency of rotation of any electron and the various forces to 
which this electron is subjected. This orbital frequency is 
capable of resolution into harmonics, and from the nature of 
the coefficients it is possible to determine the relative intensities 
and polarization of the different frequencies that will appear as 
radiation. Since this calculation also gives the energy in any 
orbit as a function of the rotational frequency we then apply the 
quantum theory relation. 

hv=W;—Wy 
in order to calculate the corresponding spectral series.” 

Let us now consider from this point of view a simple hydrogen 
atom with an electron rotating in a circular orbit around a nu- 
cleus. If the diameters of the orbits corresponding to two 
stationary states are taken sufficiently large we obtain the relation 

v~(Nz—m)w (8) 
which connects the frequency of light emitted with the frequency 
of rotation. But for a circular orbit, there is no possibility of any 
harmonic component, that is m,.—m, can only assume the values 


2 See Sommerfeld, Atombau, 2nd ed., pp. 527-537 for a mathematical discussion 
of this subject. 
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+1. The value m—m,=0 is obviously excluded. Thus we 
arrive at the Selection Principle derived by Rubinwicz for azimu- 
thal quantum values of n. 

A most interesting application of this correspondence principle 
has been made by Bohr in the determination of the effect on 
spectral lines of electrostatic and magnetic fields. 

The simplest case for consideration is again that of a single 
electron rotating around a nucleus of unit positive charge at the 
focus (the hydrogen atom). Under the influence of an electro- 
static field (Stark effect) both the eccentricity and position of the 
orbit (with respect to the direction of the field) vary continuously. 
This problem may be treated mathematically in terms of the 
three integrals, {pdqg=nh, corresponding to the three sets of 
quantum numbers, as has been done by Schwarzschild and 
Epstein. According to Bohr, however, this problem is much 
simplified if we investigate by the methods of electrodynamics 
the effect of an electrostatic field on a simple elliptical orbit such 
as that described above. This investigation shows that there 
will be superposed upon the orbital frequency of rotation w 
another frequency of perturbation o which is given by the relation 

ai 3eF (9) 
82*maw 
where F=strength of field 
2a =major axis of orbit 
e = charge of electron 
and m=mass of electron. : 

We are therefore led to expect that this frequency will appear 
as a series of harmonic components in the light emitted when the 
electron passes from one stationary state to another. Hence the 
frequency of radiation emitted will be given for small values of 
both w and a by the approximate relation. 

vw (m2—m)w+ (ke— ki )o (19) 
where k,—k; is small compared to either k; or ke. Furthermore 
the intensities and state of polarization of the components cor- 
responding to each line in the undisturbed state of the orbits 
can be derived by investigating the coefficients in the Fourier 
series expansion for the orbital frequency of rotation in the 
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disturbed state. In this manner Bohr shows that results are 
obtained which are in complete agreement with the phenomena 
actually observed. 

It is evident that corresponding to any one stationary state of 
the undisturbed orbit there must be a number of stationary 
states in the disturbed state. For the transition from one of 
these states to any other, the change in energy will, according to 
the quantum theory, correspond to kho where k is a whole 
number, that is the energy E corresponding to one of these 
states in the disturbed state will be related to the energy E, in the 
undisturbed state by the relation 

E=E,+khe (11) 

This relation, together with the quantum theory relation for 
aw (by introducing the postulate for angular momentum) leads 
to an expression for the spectral series of hydrogen in the Stark 
effect which is in agreement with that derived by Epstein and 
Schwarzschild. 

The effect of a magnetic field on the spectral lines of hydrogen 
is dealt with in a similar manner. An investigation of the 
problem from the point of view of classical electrodynamics 
leads to the conclusion that superposed upon the orbital rotation 
of the electron there is a uniform rotation of the entire system 
around an axis parallel to that of the field. The frequency of this 
rotation is given by the relation 

in He (12) 
4xmc 
where H = intensity of magnetic field in gauss 
c=velocity of light. 

This frequnecy must therefore appear as a harmonic in the 
spectral lines in accordance with equation (10) for the Stark effect. 

A closer study of the effects to be observed shows that the 
only permissible values of k:—k, are +1 and 0. Thus each line 
in the undisturbed states of the orbits exhibits three components 
in the magnetic field, one of which, the unaltered component, is 
linearly polarized parallel to the field and the other two, circu- 
larly polarized in opposite directions when regarded along the 
direction of the field. 
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The same considerations are extended by Bohr to the case of 
atoms which contain more than one electron, by calculating the 
field due to the coupling action of the inner electrons and the 
outer one which is assumed to be at a considerable distance 
from the other electrons. 

Sommerfeld has drawn attention to the fact that in deducing 
a relation between the relative intensites of the different spectral 
lines, Bohr really derives a statistical relation which enables us to 
determine the relative distribution of the atoms which are effec- 
tive in the production of the different lines. As he puts it, 
“Although we are convinced that the quantum theory is correct 
in ascribing the different spectral lines to independent processes 
in the atom, and altho we know that the classical method of cal- 
culation is wrong in considering these processes as dependent 
upon the orbital velocities, we nevertheless trust the mechanical 
theory to this extent, that we derive by means of it the relations 
for the relative distribution of intensities of the lines.” 

Altho Bohr has not as yet published any details regarding 
further applications of the principle, he has intimated in two letters 
to Nature during the past year* that it is of very general applica- 
tion indeed. The principle not only affords a detailed insight 
into the structure of the spectra produced during the binding of 
electrons in atoms of more complex structure than hydrogen, 
but also suggests definite arrangements of the electrons which are 
suitable for the interpretation of these lines as well as the high 
frequency spectra and the chemical properties. “If we con- 
sider,” he writes, “the binding of a large number of electrons by a 
nucleus of high positive charge, this argument suggests that after 
the first two electrons are bound in one-quantum orbits, the next 
eight electrons will be bound in two-quanta orbits, the next 
eighteen in three-quanta orbits, and the next thirty-two in four- 
quanta orbits.” 

Bohr also distinguishes between the types of quanta-numbers 
involved in any one of the above groups. Thus corresponding 
to the fact that for m,-+-2.=2, (where m, and m, refer to azimuthal 


*Mch. 24, 1921, p. 104; Oct. 13, 1921, p. 208. 
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and radial quantum numbers respectively) we may howe | two 
possibilities, viz: m=1, m=1 

m=2, m=0 
it follows that the group of eight electrons will consist of two sub- 
groups of four electrons each. Similarly the group of eighteen 
will consist of three sub-groups of six electrons each corresponding 
to the three different possibilities for m, +2 = 3. 

Another feature that Bohr ascribes to these electrons is that 
owing to coupling action between different orbits, “the electrons 
from one sub-group may penetrate during their revolution into 
regions which are closer to the nucleus than the mean distances 
of the electrons belonging to groups of fewer-quanta orbits.” 

As a result of these considerations Bohr assigns in the first one 
of the above letters the following constitutions for the atoms of 
the rare gases: 

He 2, Krypton 2; & 18; 8& 
Ne 2), 8 Xenon 2, 8 18; 18; & 
Argon 22, &, 8 Niton 2, & 183 324 18; & 

The large figures denote the number of electrons in the groups 
starting from the innermost one, and the small figures the quanta- 
numbers of the orbits of electrons in each group. 

Similar arrangements of electrons in the atoms of each of these 
elements has recently been suggested by Bury‘ on the basis of chem- 
ical considerations. 

In the second letter, Bohr modifies the above suggestion in this 
respect that for instance, the orbits in the outermost group of the 
niton atom must be described as six-quanta orbits instead of 
two-quanta orbits, although owing to the character of the motions 
of these electrons it will appear as if on the average they really 
were two-quanta orbits. 

These conclusions which are no doubt supported by Bohr by 
many far-reaching considerations lead us to await the publication 


of his promised paper on this subject with a great deal of interest.° 
RESEARCH LABORATORY, 
GENERAL Exectric Co., Scuenectapy, N. Y. 
* J. Am. Chem. Soc. 43, 1602 (1921). 
5 Since the above was written another paper has been published by Bohr in Z. 


f. Physik, 9,1 (1922). This is a non-mathematical review of his conclusions on the 
structures of atoms. 





THE EVALUATION OF QUANTUM INTEGRALS 
BY 
A, SOMMERFELD 
In a paper of the above title Mr. Edwin C. Kemble! has criti- 
cized my method of evaluating the phase integral? 


I= § Vilqig 


He concludes that this method is useful only when ‘the higher 
order terms are negligible.’ I wish to point out briefly here the 
grounds on which I hold this criticism to be erroneous; to facilitate 
comparison I use the same notation as Mr. Kemble. 

The integral (1) is to be extended over a complete cycle of values 
of g, which oscillates between two roots a and b of f(q). Let f(q) 
be of the form 

S(q) =o(q) +e¥(q) 
where a signifies any small constant; f(q) is in practice a poly- 
nomial of the second degree in g or 1/g. Since f(q)=0 has two 
roots a, b it follows that ¢(¢) =0 must have two roots a’, b’ differ- 
ing by an arbitrary small amount from a, b. We suppose that 
¥(q) is regular in the neighborhood of a and b and between them. 

The real path of integration of 1 a—>b—<a, is first of all deformed 
without previously developing f(g) in powers of a, into a contour 
W of the complex g plane which encloses the points a, } as well as 
a’,b’ and which does not pass through any singular points of y/9. 

Throughout the whole of this path Vf(qg) may be expanded 
binomially as follows 

(3) vs(q) = Vig) (1424) 
¢(q) 
a ¥(9) {ve Raed 
2o(g) 8 \¢(q) 


=V¢4(9) } + 


Hehe (48) | 


2°4°**2s ¢(q) 

1 Proc. Nat. Acad. Sci., October 1921, p. 284. 

? First given in Physikal. Zeitschrift, Vol. 17, p. 491, 1916. Also Atombau und 
Spektrallinien 2nd edition, p. 478. 3rd edition, p. 670 and p. 725; here also some ob- 
servations on the convergence question are added. 
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¥(q) 


Let M be the greatest value of $(¢) on the contour W. We can 
q 


then choose a so small that 


aM <1. 
The binomial series then converges absolutely and can be inte- 


grated term by term. One therefore obtains the likewise abso- 
lutely convergent series 


(4) J(a) = J(0) +aJ"(0) + = 7"(0)+— 


= $Vatoa; r= $ es 
)= B Vo(q)dq; J'(0)=% Velg"’ 
¥*(q)dq 
—T jas etc 
(9) V 9(q) 
Each of these integrals is to be extended over the complex con- 
tour. Mr. Kemble now says “J(o) and J’(o) are easily evaluated 
but unfortunately the higher derivatives of J with respect to a 
cannot be calculated by the usual methods because the higher 
derivatives of V 4(q) with respect to a become infinite at g=a 
and g=b”. This appears to me to be a misunderstanding. The 
path of integration W does not pass through the points g=a@ and 
qg=b6. Also on the integration contour W the higher integrals J’’, 
J’ have perfectly definite and finite values. If for the evaluation 
of these integrals the integration contour is further deformed it 
will not return to the original path but will be contracted on the 
residues of the corresponding integrands. The question of con- 
vergence will then no longer arise. The series (4) is, as we saw, 
convergent. The further deformation of the integration contour 
does not alter the coefficients J’, J’’’ of the series and is there- 
fore without import as regards the convergence. I consider there- 
fore the method developed by me to be free from objection in so 
far as the parameter a can be taken as small as desired. This is, 
for example, the case with the Stark effect where the external 
electric field is at our disposal, and in many other cases. 

A difficulty arises only if the magnitude of a is fixed by the na- 
ture of the problem. In the general series spectra of the elements, 
with which I have dealt in the same way, the additional electric 


J"(o)=-M% 
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field of the atom cannot be taken as small as desired but is deter- 
mined in a definite way by the quantum conditions. In conse- 
quence it may happen® that no contour W can be found for which 
the series (3) converges. This difficulty has, however, nothing 
to do with the mathematical objections of Mr. Kemble. The new 
and interesting method put forward by Mr. Kemble appears to me 
under these circumstances to be unnecessarily complicated and 
artificial. 


UNIVERSITY OF MuNICH 


* As Dr. J. Weinacht has shown in his Dissertation, Munich 1921, see Atombau 
und Spektrallinien, Ed: 3, Appendix 13. 





CRITICAL FREQUENCY RELATIONS IN SCOTOPIC 
VISION 


BY 
HERBERT E. Ives 


INTRODUCTION 

In his “Studies of Flicker,”! T. C. Porter discovered that the 
straight line representing the relation of critical frequency to 
logarithm of illumination underwent an abrupt change of slope 
at about .25 meter candles. At this same point, according to 
other evidence, vision changes from color vision to gray vision, 
or from “cone” to “rod” vision, if we accept the correlation 
indicated by the “duplicity theory.” In investigating critical 
frequency phenomena by monochromatic light, the present writer 
discovered* that this change of slope is of such magnitude with 
blue light as to constitute a complete change in the character of 
the illunination-critical frequency relation. The straight line 
after its change of direction .becomes parallel to the log I axis, 
that is, critical frequency becomes a constant independent of 
illumination. At the same time the blue hue of the light vanishes 
and is replaced by a colorless or gray appearance. The isolation 
of rod or scotopic vision appears to be complete, where in the 
case of white light, or monochromatic light of long wavelengths, 
it is only partial. This phenomenon of constant critical fre- 
quency for blue radiation of low intensity has since been con- 
firmed by Frank Allen.* In a later investigation by the writer 
and Mr. Kingsbury,‘ testing a “diffusion” theory of intermittent 
vision, observations were made in this same region with discs of 
varying ratio of open to closed sectors. The constancy of critical 
speed was again found, and the ratios of speeds for different 
openings was entirely different from that holding at higher 
illuminations. Some support for the “diffusion” theory under 

1 T. C. Porter, Proc. R. S., 70, 313-329, 1902. 

2 Ives, Phil. Mag., Sept., 1912, p. 352. 


3 Allen, Phil. Mag., July, 1919, p. 82. 
‘Ives and Kingsbury, Phil. Mag., April, 1916, p. 290. 
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study was claimed because these new relations were clearly 
predicted by the theory when the term used in its expression to 
cover the effects of change of diffusivity with illumination was 
made constant. 

In subsequent consideration of this isolation of rod vision, it has 
appeared to the writer that here was an exceptionally promising 
opening for studying the nature of vision. It is highly probable 
that colorless (rod) vision is the more primitive kind of vision, 
a survival of an earlier, less developed type. It should be easier 
to elucidate. When it is understood, and not until then, are we 
really justified in attempting to formulate theories of the far 
more complex phenomena of high intensity, color, vision. 


44 

















Fic. 1. Apparatus used for study of low intensity flicker phenomena 
. Extended light source. 
. Projection lenses. 

. Sector disc. 

Slit. 

. Motor. 

. Diffusing screen. 

7. Neutral tint wedge. 

. Artificial pupil. 

. Variable resistance. 
10. Revolution counter. 


ne whe 


en 


The present study was, therefore, undertaken as forming a 
part of the study of “rod” vision, which from general con- 
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siderations appears a logical starting point for the investigation 
of vision. It was aimed more particularly at the time relations 
of such vision, as deducible from the effects of intermittent 
illumination. More specifically still, it is an investigation chiefly 
of the effects on critical frequency of the form factor of the inter- 
mittent illumination, thus extending the work above mentioned, 
on the effects of variation in the ratio of exposure to obscuration, 
to variation in the manner of rise and fall of the stimulus. 


APPARATUS AND METHOD OF OBSERVATION 


The essential features of the apparatus used are easily grasped 
from the diagram, Fig. 1. An image of an extended light source 


A Series B Series D Series E Series 


A, a=+ B, d=¢ t Dut E, ag $=7 
non os BeBe 
a= , a= 5) 
A, a=2 Boke EB 
As ums Doa-t CE 
A, ak Dek E 
E, 


Fic. 2. Sector discs used to control the wave-form of the stimulus 


1, is thrown by means of two lenses, 2, on a diffusing screen 6 
(several sheets of finely ground glass) which is viewed by the eye 
through an artificial pupil, 8, of 2 sq. mm. area. The only 
portion of the lenses, 2, utilized is that limited by a narrow slit, 
4, whose sides are radial from the axis about which discs 3 rotate. 
By varying the contour of the discs it is obvious that any desired 
variation of the brightness of the field 6 throughout a cycle may be 
obtained. The speed of rotation of the discs is altered roughly 
by a set of pulleys, finely by a variable resistance 9, in series with 
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the motor 5, and is read by the electric tachometer 10. The 
brightness of the image at 6 is altered by means of a neutral 
tint wedge 7, having a range of transmission of approximately 
10 000 to 1.6 

The discs upon whose shape depends the variation with time of 
brightness of the diffusing screen were cut from thin sheet alumi- 
num, and after being drilled to fit the motor axle, were sand- 
blasted and painted with dull black lacquer. They were made 
symmetrical to give two cycles per revolution. The shapes chosen 
are shown in Fig. 2. They are arranged in five series, lettered A, 
B, C, D, and E. The first number of the A series gives equal 
intervals of light and darkness, changing abruptly from one 
condition to the other; it is similar to the discs which have been 
most frequently used in experiments of this sort. The ampli- 
tude, a, is % the total opening. The rest of the series consist 
of the variants on the first disc obtained by decreasing the ampli- 
tude to 3/8, 4, 3/16, 1/8, 1/16, so that in place of an alternation 
of light and dark, the alternation is between 1/8 light and 7/8 
dark, etc. In the second (B) and the third (C) series the contour 
of the time-brightness distribution is changed from “square 
topped” to “‘saw toothed’’; in the B series one edge of each tooth 
is vertical, in the C both are equally inclined. Only the first 
members (a= 4) of these two series were cut. Series D is similar 
to series A, except that the wave-form is sinusoidal, the ampli- 
tude range from 1% to 1/16, as before. Series E consists of the 
variation of series A formed by altering the ratio of light to 
darkness. The openings (¢) made up were 1/12, 1/6, 1/3, 4%, 2/3, 


5/6, 11/12. The only amplitude cut was 4%. It will be noted 
that E, is identical with A;, and that Ag, A;, etc., are the variations 
of E, with respect to amplitude. Hence while every combina- 
tion of shape, amplitude and opening was not provided, the 
whole set of discs covered fairly well the significant variations of 
wave-form. 

In order to secure low intensity blue light a mercury vapor lamp 
was used as light source, the blue and violet lines being isolated 
by means of a blue filter® placed at 6. An opaque screen in front 


* Made and calibrated by the Eastman Kodak Co. 
* Wratten monochromatic filter for isolating blue mercury lines. 
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of the mercury arc was pierced with a circular aperture of approx- 
imately 14% cm diameter. A circular portion 11.1 mm. in 
diameter of the image of this at 6, as limited by a diaphragm, was 
the observed bright field. This had a diameter of 4.5 degrees, 
considerably larger than the fovea, and the attention was directed 
to the center of the field. The variable neutral tint wedge was 
moved to a point where the field appeared gray, and where the 
critical frequency is independent of brightness,—as determined 
by measurements described below. 

The method of making measurements was as follows: After 
the five minutes or thereabouts in the dark laboratory, necessary 
for the eye to become dark adapted, the observer (H.E.I.) placed 
his eye at the observing aperture 8, started the motor, and slowly 
increased the speed by moving the sliding contact of the variable 
resistance 9, until the flicker at first observed vanished. This 
was announced by calling to an assistant who was simultaneously 
watching the speed, and who recorded the speed at the instant. 
The procedure of setting was then reversed, starting above the 
critical frequency the speed was reduced until flicker appeared. 
This alternation of direction of setting was continued until a 
complete group was obtained. Except where otherwise stated, a 
group consisted of ten settings. Each point of a series (set of 
discs) was measured twice in any run, the discs being put through 
first in one order and then in the reverse order. Consequently 
the determination of a point involved twenty settings. Extreme 
settings frequently varied as much as ten per cent in speed to 
either side of the mean, and the return series mean would often 
drift by as much as five per cent from the first series. Settings 
were fairly reproducible from one day to another; less so if an 
interval of several days intervened, although measurements 
belonging to the new period were in good agreement among 
themselves. It is therefore evident that all the measurements 
which are to be compared one with another for study, should be 
made as nearly as possible at the same time, and that nothing is 
gained by multiplication of measurements over a lengthened 
period during which a drift of values may occur, unless, of course, 
the period is so long and the measurements so numerous that all 
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the points to be determined have been equally affected. The 
main series of measurements here recorded (Fig. 4) and used for 
intercomparison were those made on six consecutive mornings, 
at the same hours, each of the series, A, D, E being carried through 
on two separate days. In spite of the factors above mentioned, 
which contribute to low precision, the critical speed values for 
the various wave shapes are believed to be established by the 
forty settings involved to within 3 per cent, as was evidenced by 
the fact that the values derived from the same points as they 
occur in the first and last series run (As and &,), are mutally 
consistent, indicating a reasonably constant state of the obser- 
ver’s vision during the six day period. Certain series made dur- 
ing the assembling and test of the apparatus, while not sufficiently 
consistent to be intercompared, were in general in agreement in 
their essential characteristics with the main series here chosen for 
presentation. 


EXPERIMENTAL RESULTS 


As a necessary preliminary to the study of the constant critical 
speed region it was necessary to establish what setting of the 
neutral tint wedge was required to insure that this region was 
actually being used, and, of course, to verify the non-dependence 
of critical speed on intensity for all the disc shapes used. To cover 
these points a series of observations was made early in the study 
on typical discs at different values of the neutral wedge. Only 
five settings were made on each point, as this number is sufficient 
to locate the reading well enough for the immediate purpose. 
The points, which are, for the reason just stated, somewhat 
scattering, are shown in Fig. 3 for the discs A:, As, As, Di, Ds, 
Ds, E;, Ex, B, and C;. Abscissae are wedge scale units (each 
unit=a difference in log-brightness of .214), ordinates, critical 
speeds in cycles per second. 

It will be seen that in every case the critical speed does become 
a constant beyond some wedge scale value. The wedge value 
necessary to use for each series was thus easily picked from this 
plot. Before leaving this figure, attention may be called to a 
feature which illustrates the discussion on precision above. By 





260 HERBERT E. Ives_ [J.O.S.A. & R.S.L., VI 


comparing the critical frequency values of the various discs with 
the series shown in Fig. 4, which were made some time later, it 
will be noted that these preliminary values are all somewhat 
lower. They are, however, as a family mutually interrelated 
very closely as are the more precise final results. 
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Fic. 3. Critical frequency—log brightness determinations for various wave-forms, 
showing wedge scale value necessary to insure observations falling in rod vision 
region 

Critical Speeds for Discs A,, B,, C,, D,—The several different 
shapes of amplitude = 14, and average transmission 4 were picked 
out as the first series to be studied. In all, three complete sets 
of measurements (each of 40 settings per disc as above explained) 
were made at intervals during two months. The,experimentally 
determined critical speeds are shown in Table 1) in which are 
also calculated their ratios of speeds, compared to that of the 
simplest shape (sine curve “D’’). In the last column are values 
of the ratios as computed by an empirical formula (to be dis- 
cussed later). 

It is evident that variation of wave-form unaccompanied 
by change of amplitude or of mean transmission has a well marked 
effect on critical speed. It is perhaps most striking that the 
lowest speed is not given by the disc whose shape changes most 
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TABLE 1. Critical Speed in Cycles per Second 








[st Set 





12.6 12.4 | 13.30 
10.6 10.3 | 11.5 
11.5 | 11.2 11.8 
11.9 | 11.7 12.6 


2nd Set 3d Set | 
| 


| 
| 








Ratios toD, | _— Calculated by Empirical 
Formula 





1.06 1.06 1.06 1.06 
.89 87 | 89 | 88 
Ci .% Ss | w 95 | 94 
D: | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 





gradually, namely the sine curve (D,) but by that one which 
combines both the slowest variation with the fastest, namely, 
the “‘saw-tooth” with one vertical edge of the tooth. Even more 
striking is the fact that the same speed is obtained whichever 
way the disc is run, whether the abrupt transition leads or follows. 
This is shown by the following table of measured speeds, from the 
first set used in Table 1: 


TABLE 2 








Direction of Disc. 
Abrupt Transition Leading, Following 





Mean of first ten settings 10.35 10.40 
Mean of second ten settings | 10.75 10.70 
Mean, cycles per second | 10.55 10.55 





From the latter fact it is to be inferred that the significant factor 
in the speed is some feature of the shape which is unaltered by 
direction. 

Speeds for the “A” Series —These measurements constitute 
with those that follow on the D and E discs the “‘main”’ series, 
made on consecutive days as described in a previous section. 
The results obtained (with wedge set at 7) for the square topped 
wave forms of various amplitudes are shown in Fig. 4 (upper curve 
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to left). As the amplitude is decreased the critical speed falls off, 
the two approaching zero together. The rate of decrease of speed 
with amplitude is, as will be described below, logarithmic. 
Critical Speeds for the “D’’ series —These, determined with the 
wedge set at 8, are also shown in Fig. 4. For the higher amplitudes 
the relation of critical speed to amplitude is similar to that of the 
A discs, except that the values are lower. When, however, the 
amplitude drops to 1/8, the critical speed has fallen to a value too 
‘low to fit on a smooth curve continued to the origin. At ampli- 
tude 1/16, no flicker can be produced at any speed and hence no 
critical speed exists. 


cond. 
os 


. 
y 

& 
= 
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g-9 40 
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Fic. 4. Critical frequency against amplitude (left) and against opening (right). Full 
lines plotted from empirical formula. 

This failure of flicker would be most simply explained by 
supposing that the amplitude of variation of visual sensation 
had dropped below the threshold. This explanation is inadequate, 
however, since the square topped disc of the same amplitude 
behaves normally. A more satisfactory idea of what happens is 
obtained by considering the phenomena with very low speeds, 
working up from zero. In the case of any small amplitude disc in 
which the transition from darker to lighter is gradual, it is obvious 
that if the speed is only low enough, the eye by continually 
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adapting will not appreciate the change of intensity, whereas the 
same amplitude of fluctuation if more rapid will be perceived. 
There should, therefore, for the sine curve discs, be a speed 
below which the sensation of flicker is not produced. This was 
easily found experimentally to be the case. With the 1/8 and 3/16 
amplitude discs turning over once every three or four seconds, 
no fluctuations of intensity were visible. As the speeds increased, 
a point was reached where flicker began, then when the speed was 
much further increased, flicker disappeared once more, at the 
points already determined. The amplitude-critical speed curve 
is therefore completed not by continuing the curve through the 
large amplitude points to the origin, but by turning back, as 
shown, through the low speed beginning-of-flicker points toward 
the maximum amplitude axis. We may summarize these small 
amplitude phenomena by the observation that here we clearly 
have to do with rate of change of amplitude, whereas for the large 
amplitudes and with abrupt transitions it is possible that we are 
concerned primarily with the magnitude of the amplitude. 

Critical Speeds of the E Series—These are exhibited in Fig. 4 
to the right, the abscissae being openings (in degrees and in 
fractional parts) the ordinates critical speeds. In making these, 
several different wedge values were used, always below the break 
in the straight line relation and chosen to keep the mean bright- 
ness fairly constant. This saved the observational discomfort 
of working with unnecessarily low intensities for the small open- 
ings, but, as Fig. 3 shows, would not affect the values of the 
readings. 

The critical speeds are highest for the smallest openings and the 
relationship between speed and opening is in general logarithmic. 
This relationship is in marked contrast to the high intensity 
behavior,‘ where the speeds are lowest for the largest and smallest 
openings, passing through a maximum at opening 4. 

The Transition from Low to High Intensity—An interesting 
question that arises in considering the flicker phenomena at high 
and at low intensities is whether these are one phenomenon 
which passes through a change at some critical condition of 
brightness or are two entirely separate effects due to two different 
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processes. This comes down to the question whether the abrupt 
breaks in the inclined straight lines of Fig. 3 occur at (A), a 
definite peak brightness, (B), a definite average brightness, or 
(C) with no relation to the brightness of the observed field. 

At once by reference to the data for 30 degrees (Ei, ¢=1/12) 
and 330 degrees (E;, ¢=11/12) opening it is seen that the break 
in direction does not occur at a definite peak value since this is 
the same for both at the same wedge value, and the wedge values 
differ by over 5 units (log difference =1.17) corresponding to 
more than a ten-fold change in brightness. Referring next to the 
data for discs D, and D;, we find a wedge scale difference of three 
units for the break point, although here the mean brightness is the 
same at the same wedge values. There is thus no connection 
between brightness and the transition from one relationship to 
the other. The data of Fig. 3 appear in fact to show that the 
sloped log I—critical frequency lines, occurring in the region of 
color vision, and the horizontal ones occurring in the region of 
colorless vision, belong to two quite separate coexisting processes. 
The critical speed for any brightness is roughly that correspond- 
ing to the process demanding the higher speed. 


EMPIRICAL EXPRESSION OF RESULTS 


Discussion of the theoretical aspects of these results is de- 
ferred to a subsequent communication and the present paper 
will be concluded by pointing out an empirical expression which 
has been found to represent the main series of observations just 
described with remarkable accuracy in terms of the Fourier 
analyses of the wave-form used. In order to make clear the 
statement of this relation, it is necessary first to assemble together 
the Fourier series expansions of the disc contours used. By 
reference to any comprehensive text on heat conduction we find 
the following expressions: 

For the D, (sine curve discs), the variation of intensity with time 
is given by 


1=}+Tasin ot (1) 


where /, is the instantaneous intensity, I is the intensity with the 


t 
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disc removed, a is the amplitude and w the frequency in cycles 
per second. 
For the C series (saw-tooth symmetrical) 
8 F . 
a5. +9 (sin ins sia 3 of 4c S ed—. a (2) 
9 25 
For the B series oe tooth rps one abrupt transition) 
, - 
(sin a+ 5 sin 2et+- sin 3 wt+. . .) (3) 
rT < 
the plus or minus sign applying to different directions of motion 
of the disc. 
For the E series: 
T,=Teet+ $fe (sin r@ cos att; sin 27 cos 2wt+. .) (4) 
us 
If as is the case in our experiments a= 4 and ¢ is the fractional 
opening, the average value is /¢, and (4) becomes 


1,=1o+2! (sin Td COS att; sin 2r@ cos 2 wtt+. .) (5) 
T 


The A series constitute a special case of the E series for which 
¢= 4, and sin r¢ = 1, so “ 


ha=5+t “(cos ott: cos 3 wt+4 cos 5 wit. . .) (6) 


rT 5 
Now oo expression which has been found to represent the 
experimental data of the main series of observations with con- 
siderable accuracy is a simple function of the ratio of the coeffi- 
cient of the first periodic term of the Fourier expansion to the 
constant term, or the average value. If we put 


2X coefficient of ist periodic term 





constant term sas 

we find that all the experimental points of this main series with the 
exception of the low amplitude sine curve values are given by the 
expression 

w=c log = (7) 

5 

in which w is the critical speed, c is a scale constant, and 6 is a 
small number of the order of a few hundredths.’ The constants 


7 The constant 2 is introduced in order to have an expression in terms of the range 
of fluctuation, according to the diffusion theory. 





266 HERBERT E. Ives_ [J.O.S.A. & R.S.I., VI 


c and 6 are the same for all wave shapes, c being 8.07, and 6=.04. 
Substituting in (7) we have, 

for the A discs w=c log (16 «) (8) 
(x 8) 
(8 a) 


for the B discs w=c log 
(x 5) 


(9) 


for the C discs = ——_ (10) 


for the D discs = (11) 


for the E discs w=c log (4 sin +9) (12) 


(rod) 

The agreement of these formulae with the data is shown by the 
full curves drawn through the points in Fig. 4 and for the A,, 
B,, €;, D,, discs by the data in Table J.* 

It will be seen that all the “square topped” stimuli points fall 
accurately on the curves given by the formulae; and that the 
formulae hold for all wave-forms for large amplitudes. The 
points corresponding to sine-wave forms of small amplitude lie 
entirely away from the (full) line indicated by the formula due to 
the absence of any critical speed for the lowest amplitudes. It is 
probable that the symmetrical saw-tooth wave-forms (C discs) 
would also give points lying on a curve distorted at low ampli- 
tudes from the curve of the formula, although if the explanation 
advanced for the peculiarity of the sine-wave form points is 
correct both saw-tooth forms must yield points which approach 
zero speed at zero amplitude, as do the square topped forms. 
The general formula (7) cannot, in view of these shown and 
suspected deviations from experimental fact, claim to be com- 
plete. It does, however, represent the more important low 
intensity critical speed relations with sufficient approximation to 
suggest that it must be very close to the true complete formula. 


* The points shown for discs B; and C,, in Fig. 4 which were not included in the 
main series, are extrapolated from the A, and D, values by utilizing the well determined 
ratio previously obtained. 





May, 1922] Scotopic CRITICAL FREQUENCIES 267 


It will perhaps make this formula more intelligible if a possible 
physical interpretation is put on it. Let us suppose that to a 
periodic stimulus Asinwt at the surface of incidence there corre- 
sponds at a certain depth in a conducting medium the periodic 

w 


reaction Ae ‘ sin wt. This is a degradation in amplitude 
similar to that occurring in heat conduction, according to the 
Fourier diffusion law, except that in the latter case the amplitude 


—2V = 2 
is reduced by the factor e *K where x is the depth, and K 
the diffusivity.* On this assumption we have, corresponding to 
the stimulus 


“+1 asin wl (13) 


the reaction atl ae ‘sin (u-*) (14) 
c 


In this the range of fluctuation is 


= 
2ITaec 


The part this is of the whole reaction is 


Ww 


2lTae 
I 


2 
If now we take as the criterion for the disappearance of flicker 
that the fractional range must fall below some definite value, 
5, we have, for the critical condition 


=4ae (16) 


(17) 


* The use of this factor, which is called for by the “diffusion” theory (see ref. 4) 
leads to formulae in which the first periodic term figures as a square. Actually, 
due to the short frequency range in which all the observations fall, the formulae 
involving the square fit the data nearly as well as (7). They demand, however, in 
order to fit, a value of 5 of about .001. This is so far below the very large values of the 
Fechner fraction which hold at low intensities as to force the conclusion that the 
diffusion theory must be modified if it is to cover this illumination region. 





HersBert E.Ives_ [J.0.S.A. & R.S.L., VI 


2W (18) 


4a 
or one leg — =e leg 


where W is the quantity used in the empirical formula. 

In the case of the more complicated wave-forms, the factor 
involving » exponentially will enter with higher values of w in 
the successive terms of the expansion, making them so small 
as to be negligible, so that formula (18) holds for all cases. 


SUMMARY 


. At low intensities, with blue light, critical speed of disappear- 
ance of flicker becomes independent of the intensity, but 
different for each wave-form of the stimulus. 

. The relationship between critical speed and wave-form is 
approximately represented by the equation 

2W 

w=c log 
where W is the coefficient of the first periodic term of the Fourier 
expansion representing the wave-form, divided by the mean 
value. 
RESEARCH LABORATORIES 
THe AMERICAN TELEPHONE & TELEGRAPH COMPANY 


AND THE WESTERN ELEctTric Company Inc., NEw York. 
Jone 24, 1921. 





INSTRUMENT SECTION 


A POCKET SIZE RANGE ESTIMATOR 


BY 
H. W. FARWELL 








During the progress of the war there were various attempts 
to improve on the so-called Battery-Commander’s Rule as a 
means of obtaining an approximate measure of the distance of an 
object. Such instruments hardly merit the name range-finders, 
but serve fairly well to obtain a result better than the ordinary 
observer could secure by the eye alone. The method described 
below was intended to be of assistance for this approximate work, 
but appeared too late to have any use in service. 

One of the difficulties experienced in the use of a scale held, 
say, at arm’s length is that the eye must be focused for two 
objects at different distances, and the apparent size of the object 
on the scale can hardly be measured with sufficient accuracy. 
To avoid this difficulty without the use of a telescopic system of 
lenses, which makes the instrument too expensive for general 
use, or without introducing a complicated mechanism, was the 
problem. 

The first solution was very simple, and in actual use gave quite 
satisfactory results. The instrument was merely a narrow strip 
from a 1 diopter opthalmic prism, the distance along the base of 
the prism being only one centimeter. The observer, of course, 
has to hold it in such way that the image seen through the prism 
is displaced with reference to the object seen directly. For 
example if observation is taken of a man standing, and the man’s 
head appears one-third of his height above or below its real 
position, this means an actual displacement of about two feet; 
consequently the man is about two hundred feet away. Obviously 
such a method requires an estimate of the size of the object, 
but so does any approximate method used for such purpose. 

For general use in this way a more satisfactory prism would be 
one with a smaller angle, preferably 1/10 prism diopter, since 
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this would give readings directly in mils. These, however, are not 
ordinarily made, and no attempt was made to obtain such a 
prism, since an extension of the method indicated that more 
satisfactory results could be obtained otherwise. One of my 
colleagues pointed out the fact that the displacement was depend- 
ent on the angle made by the base of the prism with the direction 
of desired displacement. This gave the idea of a small optical 
device with a circular scale on which the “multiplying factor” 
could be read, although the rotation of a small angle prism 
proved unsatisfactory. 





Finally an application was made of the well known prismatic 
effect of a de-centered lens to secure a prism of variable angle. 
To keep a bundle of parallel rays still parallel a concave lens was 
used in conjunction with a convex lens of the same focal length 
with which it is placed in contact. If one is moved across the 
other the image is displaced an amount which depends upon the 
movement of the lens, and upon the distance of the object. For 
the sake of clearness this is shown in the diagram below, although 
the principle is well known in optics. 

Let XY be the principal axis of the thin negative lens B, and 
let the thin positive lens A be moved so that its principal axis 
is X’Y’, distant hk from XY. Then while A would bring rays 
parallel to X’Y’ to a point at F, its principal focus, these would 
all be rendered parallel again by B, but parallel to the secondary 


axis OF. The angular displacement is therefore a=-, where f 


. 
j 


is the focal length of either lens. 
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Now suppose that A be moved until the image is displaced its 
own width, that is, until, say, the right edge of the image coin- 
cides with the left edge of the object. Then the angular dis- 


placement is D’ where w is the width of the object (to be estimated) 


and D is its distance from the lens. Then 


The quantity is the “multiplying factor,” and for a given lens 
depends only on the movement of the lens A. In the instrument 
as constructed A and B were of 100 cm focal length, both being 
plano-lenses, with the plane surface mounted inwards, so that the 
distance between the lenses might be neglected. To obtain a 
satisfactory motion of the lens A, there were several methods tried, 
the following proving the most satisfactory: The lens B, which 
was a strip 1 cm. wide, was permanently mounted in an opening 
in a metal disc, so that its center was 5 mm. from the center of 
the disc. The lens A, also 1 cm wide, was in a carriage just wide 
enough which moved back and forth in a radial slot. A pin 
on this carriage engaged a circular slot in an upper disc, the center 
of the circular slot being 5 mm from the center of the lower disc. 
By rotating the upper disc about the center of the lower disc the 
carriage was thus moved across the lens B. 

The magnitude of the motion of the carriage is easily found. 
For if O be the center of rotation, and O' the center of the circular 
slot, and CD the axis of the radial slot, the rotation of the upper 
disc turns the circle about O as a center, and the distance from O 
to the pin is the length of the radius vector from O to the circu- 
lar slot. If the two lenses are centered when O’ is in the position 
indicated in the diagram the displacement h is 

h=R+a—a cosd—V R?—a*sin” 
where R is the radius of the circular slot, and a the distance OO". 

The maximum displacement is 2a, which in the case given was 
1 cm. Now by measuring R and a in centimeters, a circular 
scale on the fixed disc may be marked, not in degrees as was the 
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preliminary model, but with the multiplying factor, so that after 
the setting is made, the observer has merely to multiply the 
estimated size by the factor on the disc. 





Fic, 2 


Any suitable focal length may be used for the lenses, depending 
largely upon the distances which are to be measured. In any 
case the whole instrument is of vest pocket size, may be held at 
any distance from the eye, and is not easy to get out of order. 


CoLumBIA UNIVERSITY 
January, 1922. 





A NEW FORM OF ELECTROSTATIC VOLTMETER 


BY 
J. E. Soraper 


For some time there has been a demand for a simple and 
reliable electrostatic voltmeter. There are objections to the 
two forms now in common use. The Braun electrostatic volt- 
meter of the pivoted and gravity controlled type is practically 
useless at its lower range because of friction in the bearings, and 
the errors over the other part of the range may be as great as 10%. 
The other form of voltmeter, the Kelvin multicellular type is often 
objectionable because of its large electrostatic capacity, and 
because of the extreme care that has to be exercised in its use. 

The instrument here described which is really a modification of 
the Braun electrostatic voltmeter operates on the principle of 
electrostatic repulsion between a stationary and a movable vane. 
In the undeflected position the movable vane is held parallel to 
the stationary vane by a torsional suspension which constitutes 
the controlling force. The rotation of the movable vane takes 
place about a vertical axis. The movable vane is made of thin 
sheet aluminum and has but little inertia so that it comes to rest 
in a few seconds by air damping alone. The suspension is held 
under tension at each end by phosphor bronze springs. For 
high sensitivity the suspension consists of a single phosphor bronze 
strip. For less sensitivity a double or bifilar suspension is used. 
The sensitivity for any size suspension, especially for the double 
suspension is varied over a considerable range by the adjustment 
of the tension of the springs. The use of the torsional suspension 
eliminates error due to friction which is common to a pivoted 
instrument. Voltages are read by observing deflections offa 
mirror on the movable vane either by a telescope and scale or a 
lamp and scale, the scale having been previously calibrated. 
Since in this repulsion type of instrument the entire vane system 
is of one polarity and the case of the instrument of opposite 
polarity high insulation is easily secured by the proper spacing of 


273 


























hhkdled Kh 


SAAS 














May, 1922] ELECTROSTATIC VOLTMETER 275 


the parts. For voltages above 10,000 the case of the instrument 
is filled with a good clear insulating oil. 

Fig. 1 (A) shows the vane system of the electrostatic voltmeter. 
The movable vane (a) is held by the suspension (b) stretched axi- 
ally through the tube (c). The tension on the suspension is con- 
trolled by the phosphor bronze springs (d d) which may be put 
under tension by turning the adjustable tube (e). The movable 
vane is adjusted to parallelism with the stationary vane by turn- 
ing (f). Fig. 1 (B) shows a cross section of the vane system 
showing the relative positions of the fixed and movable vanes. 

Fig. 2 is a photograph of a simple type of voltmeter having the 
vane system just described mounted in a case and insulated by a 
hard rubber bushing of sufficient insulation for 2000 volts. If the 
case is filled with oil the insulation is sufficient for 10,000 volts. 
With a single .0015 inch phosphor bronze strip a deflection of 
230 mm. on a scale one meter distant was obtained for 250 volts. 
When replaced by a double .002 inch suspension, the range was 
extended to 400 mm. deflection for 1740 volts. 

In Fig. 3 is shown a modification of the electrostatic voltmeter 
for higher A. C. voltages. This form takes the same vane 
system shown in Fig. 1 (A). It is mounted as shown in a larger 
case. A multiplier in the form of a variable condenser (a) is 
provided. This is placed in series with’ the vane system and by 
varying the capacity of the condenser the voltage range may be 
increased to any desired ratio by calibrating the variable con- 
denser. A short circuiting device is provided for the condenser 
for using the voltmeter without the multiplier. 

Fig. 4 shows calibration curves for an upper and the low 
range of an instrument just described. It is to be observed that 
the shape of the two curvesis the same. By careful adjustment of 
the variable capacity, the upper ranges may be made any exact 
multiple of the low range. 

The advantages of this type of electrostatic voltmeter may be 
stated as follows: 

1. Accuracy of reading and permanency of zero. 

2. Quickness of needle to come to rest by air damping alone and 

perfect damping in oil. 
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. Small electrostatic capacity. 
- Ruggedness when not containing oil because of extremely 
light moving parts. 
5. Simplicity, no careful adjustments to be made. 


WESTINGHOUSE RESEARCH LABORATORY, 
East Pittssurau, Pa. 





THE PHONELESCOPE 


BY 
HERBERT GROVE Dorsey 


The phonelescope has been devised for demonstration and 
research in Sound and Electricity, making visible either of these 
forms of wave motion. 














Fic. 1 


A tiny steel shaft (Fig. 1) is mounted in jeweled bearings in 
front of a diaphragm, and any motion of the latter causes the 
shaft to rotate through a proportionate angle. A mirror on the 
shaft deflects a beam of light through twice this angle so that the 
motion of a spot of light gives a trace of the motion of the dia- 
phragm magnified from one thousand to twenty thousand times. 

The construction is such that the vibrating mirror may be 
adjusted about any of the three principal axes, two by the adjust- 
ing screw at the top, and the third by turning the casing on the 
elbow. The opening of the latter is pointed towards a strong 
source of light and a lens in the lid brings this light to a focus 
on the screen after it has been reflected upwards by the fixed mir- 
ror in the elbow and horizontally by the vibrating mirror in the 
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casing, both of which are at 45° to the vertical, reducing adjust- 
ments to a minimum. 

With the horn attachment for sound the actual wave-forms 
may be easily shown to entire classes, such sounds as are produced 
by the voice, tuning forks, organ pipes, etc. There is also an 
electromagnet attachment or telephone receiver which may be 
screwed into the back of the casing, and by the attraction of the 
diaphragm it converts the instrument into a polarized D. C. gal- 
vanometer, an A. C. vibration galvanometer, or an oscillograph, 
showing all the ordinary characteristics of alternating current 
electricity, such as effects of capacity, and inductance and reso- 
nance, as well as the transient phenomena on closing a circuit 
of inductance and capacity. 





Fic. 2 


Besides these usual phenomena of sound and electricity there 
may be shown unusual ones, such as the combination of a sound 
and electric wave as pictured by the curve (Fig. 2) where the sound 
wave from an organ pipe of about 660 cycles is superposed on a 
60 cycle electric wave, the curve being made by light from an 
arc lamp on the same circuit. 


GLoucesTer, Mass. 













A DIFFERENTIAL ELECTRODYNAMOMETER 


BY 
E. D. DoyLe 
The instrument shown below (Fig. 1) was developed several 
years ago for the purpose of rapidly and accurately measuring 
alternating current voltages of commercial frequencies ranging 

















Fic. 1. Exterior view of first meter 


from 2 to 300 volts. Fig. 2 shows the internal arrangement. 
From this it will be seen that there are two electrodynamometers 
acting on a common indicator, the torques of the two elements 
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being opposed. The case is built of alberene stone from a design 
proposed by Dr. C. H. Sharp. The front plate is removable and 
carries half of the fixed coils, the connections to these coils being 
made through the four brass studs which hold the front plate in 
place. While glass sides afford an easy view of the interior, the 
clearances are so ample that little trouble is experienced in 

















Fic. 2. Interior view of first meter 


leveling. The coil arrangement, which is that proposed by Mr. 
J. T. Irwin, has the advantage of being astatic and having low 
self inductance in a small space. Silver oscillograph strips are 
used for leading-in wires. Damping is obtained from a plate 
swinging in a cup of oil. 
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The connections are indicated in Fig.3. Element A is connected 
through a suitable variable resistor to a “comparison” voltage, 
while element B may be connected through the selector switch S 
to either a “standard” voltage or a “‘test” voltage. The switch 
P is used to connect the two elements simultaneously to their 
respective voltages. 





























Y | 


Comparison _ Test Voltoge 
Valtog< 


Fic. 3. Schematic diagram of connections 


In making absolute determinations of voltages, the “‘standard”’ 
voltage should be a direct current which may be read with a 
potentiometer and standard cell. Where it is only desired to 
intercompare a group of ac. voltages, the “standard”? may be 
derived from the same system as the voltages under investigation. 
The “comparison” voltage may be either alternating or direct 
current, its sole function being to supply a constant counter 
torque. 
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The steps to be followed in using the instrument are: 

1. Set Rg to such a value that rated current will flow through 
B when connected to the “standard” voltage (switch S$ 
having been thrown to the “‘standard”’ side). 











Fic. 4. Latest development of differential electrodynamometer 


2. Close P and adjust R, until exact balance is indicated. 
3. Open P and throw S to “test.” 

4. Set Rg to approximately the right value and close P. 
5. Adjust Rz until an exact balance is indicated. 
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Since the currents flowing through B under the two conditions 
are equal to each other, it follows that the voltages are propor- 
tional to the corresponding impedances, or, since the reactance 
is negligible, the total resistances. The total resistance in each 
case is obtained by adding the resistance of element B to Rg. 
If the instrument is always operated at the same current, a scale 
may be drawn which will show variations in current from the 
nominal value. If such a scale is provided, it will not be neces- 
sary to obtain exact balances, slight deviations being observed 
on the scale, and suitable corrections applied. If the damping is 
satisfactory, the speed of reading will be increased at practically 
no reduction in accuracy. 

The instrument described above was built by men who were 
not particularly skilled in instrument-making. Nevertheless it 
gave satisfactory service until replaced by the one shown in Fig. 4. 
This is a later development of the same idea, which was built by 
instrument makers. The constants of both dynamometers are 
given in Table 1. 

Taste I 














| No. 1 
CONSTANTS | (Fig. 1) 





Resistance per element, ohms | 110 
Self inductance per element, millihenries 
Sensitivity—millimeters' 

At 5 milliamperes 

At 10 milliamperes 

At 15 milliamperes 

At 20 milliamperes 
Period—seconds* 





1 Deflection at 1 meter scale distance for 1 per cent unbalance in current. 
? Critical damping. 

It will be noted that the sensitivity of No. 1 varies as the 
square of the normal current, whereas that of No. 2 increases at 
a more rapid rate. This apparent anomaly has been traced to a 
change in the elasticity of the suspension due to the heating 
effect of the current traversing the suspension. 

Such instruments as these may have a wide field of application. 
With connections as shown in Fig. 3 they have been used to com- 
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pare voltages ranging from 2 to 300 volts, 60 cycles, with an 
accuracy better than 0.05 per cent. The accuracy of measure- 
ment of alternating voltages will, of course, depend on the steadi- 
ness of the supply. By substituting a condenser for one resistor, 
it has functioned as a very sensitive frequency meter (1% 
change in frequency producing a deflection of 10 cm. at 1 meter 
scale distance). With one element connected as a watt-dynamo- 
meter and the other as shown in Fig. 3, ac. power may be com- 
pared directly against a standard cell. Other uses will suggest 
themselves to anyone working with the instrument. 


ELECTRICAL TESTING LABORATORIES 
New York Ciry. 




















A PRECISION X-RAY SPECTROMETER 


BY 
H. M. Territyi 


The spectrometer described below was designed by Prof. 
Bergen Davis and constructed in the shops of the physical labora- 
tories of Columbia University by the departmental mechanician, 
S. Cooey. 

It includes no radical departures from the conventional designs, 
but is offered rather as an example of a modern instrument, 
embodying details that have been carefully worked out from 
accumulated experience in these laboratories. 

The base is a cast iron tripod bolted to a triangular sub-base 
fitted with levelling screws. The graduated disc is of brass, 
fifteen inches in diameter, bolted to a heavy bronze upright which 
serves as a bearing for the rotating parts. The disc is recessed 
to provide a raised arc, graduated on both inner and outer edges 
to 20’. 

Revolving on the bronze bearing is a spider, carrying the 
ionization chamber slit, its counterbalance and verniers, while 
within the bearing is a tapered steel spindle which carries the 
crystal table. The lower end of this spindle rests on a hardened 
steel set screw adjusted to take up part of the weight and prevent 
sticking. 

Fitting in the top of the spindle, on a tapered shank, is the 
crystal table. The crystal verniers are not attached to the table 
but to the spindle itself. Both the crystal and chamber slit ver- 
niers read to 20’. These verniers are in pairs, 180° apart, so that 
eccentricity may be eliminated when very accurate readings 
are required. 

The main feature of the instrument is the slow motion worm 
gear used in connection with the crystal verniers. This is put 
in action by tightening a clamp surrounding the steel spindle, 
the clamp being part of an arm terminating-in a toothed sector 
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which engages with an accurately cut worm. On the worm shaft 
is a graduated drum whose circumference is divided into 200 parts, 
the sector having 6 teeth per degree so that one division of the 
drum advances the crystal 3” of arc. The divisions being about 
2 mm apart, single seconds are readily estimated. The teeth 
were cut by a master hob and the accuracy by actual test is one 
part in 7000. The worm is held against the sector and against its 
thrust bearing by springs, eliminating all lash. 














Fic. 1. Photograph showing worm gear and verniers 


The worm gear is superior to the commonly used tangent screw, 
particularly when the crystal angle has to be changed by a series 
of small amounts, as for example, when determining the position 
of a characteristic line. It is possible to use a tangent screw with 
divisions on the head to save reading the verniers for each setting, 
but the errors accumulate rapidly, and after a few settings it is 
necessary to read the verniers and start afresh. 
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The worm gear, on the other hand, can be used to determine 
differences of angle accurately over its whole range. In several 
tests of this instrument, the crystal table was run through 30° 
by the slow motion, the accumulated error of the screw not being 
perceptible on the verniers. 

The two forward slits are attached to an arm carried on a 
standard which is bolted to the base of the instrument. By 
means of opposing set screws, this arm may be adjusted to 
bring the slits into alignment, with the center of rotation. All 


Fic. 2. Elevation showing details of base and uprights 


three slits are alike in construction, being made of 3/8 inch lead 
plates on brass backings which slide in dove tailed grooves in a 
brass frame. 


Experience having shown that it is impossible to maintain the 
edges parallel when plates are drawn together by a right and 
left hand screw, mounted above or below, the plates are moved 
independently of each other by screws that bear on the centers of 
the backings. The screws are cut 4% mm pitch and the heads 
divided into 50 parts, so the slits may be accurately set to 1/100 
mm. 
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The ionization chamber is not shown. Its weight is supported 
by a carriage travelling on a track in the form of a circular arc and 
the forward end of its frame is pivoted to the spectrometer base, 
directly beneath the main center. There can be no strain on 
the instrument from the weight of the chamber. 





Fic. 3. Plan showing crystal mounting 


The crystal is not attached directly to the crystal table but to a 
semicircular plate pivoted to the table at one corner and brought 
up against an adjustable stop at the opposite corner. This en- 
ables the crystal to be returned exactly to its original position 
after being swung aside for checking alignments or observations 
on the direct beam. 


CoLumsiA UNIVERSITY 
New York City 





NOTICES 


OPTICAL SOCIETY OF AMERICA, SEVENTH ANNUAL MEETING 
WASHINGTON, OCT. 26-28, 1922 


PRELIMINARY ANNOUNCEMENT 


The Seventh Annual Meeting of the Optical Society of Amer- 
ica will be held at the Bureau of Standards, Washington, Thurs- 
day, Friday and Saturday, Oct. 26-28, 1922. 

The regular sessions for the reading of papers will be open to 
all interested persons. 

Members and others desiring to communicate results in optical 
research are invited to submit titles of papers for the program to 
the Secretary any time before September 25th. Titles received 
after that date cannot be included in the program. The Secretary 
requests that titles be submitted as early as possible. No arbitrary 
time limit is set for the presentation of a paper, but each author 
is requested to estimate carefully the time which will be sufficient. 
to present his paper briefly and intelligibly, and to submit this 
estimate with the title. Authors will be expected to confine them- 
selves to these estimates. Each title must be accompanied by an 
abstract (100 to 200 words). Authors are urged to make every 
effort to present the essence of their papers as cogently as possible 
in these abstracts. It is expected that they will be printed in the 
program and in the minutes of the meeting. No titles will be 
printed to be presented “by title.” Titles should not be sub- 
mitted unless the author has a bona fide intention to actually pre- 
sent his paper orally or have it presented by some one else. 

One session will be devoted to Vision and Physiologic Optics. 

There will be an exhibit of optical instruments and apparatus 
at the Bureau of Standards in connection with this meeting. 
Communications relative to the exhibit should be addressed to 
Prof. C. A. Skinner, Bureau of Standards, Wasliington, D. C. 


IRWIN G. PRIEST, Secy., 
c/o Bureau of Standards, Washington, D. C. 





CORRECTION. At the top of page 402, Vol. V, Journal 
Opt. Soc. Amer. there is a typographical error in the formula for 
8B. Delete the symbol F inside the braces. 








